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Introduction Model Data Implementation 

Mapping soil properties using a non-stationary variance geostatistical model 

Conventional geostatistical models assume that the property being 
monitored is the realisation of a second order stationary random process 

𝑍 𝑠 =  𝜇 +  𝜎𝜀(𝑠) 

𝜇, 𝜎 are constant 

𝐶𝑜𝑣  𝜀 𝑠 , 𝜀 𝑠 + ℎ  = 𝐶(ℎ) 
 

 if ℎ = 0, 𝐶𝑜𝑣(𝜀 𝑠 , 𝜀 𝑠 ) = 𝑉𝑎𝑟 𝜀 𝑠 = 𝐶(0) 

But this is often an invalid assumption 
 
  Can be checked with exploratory analysis of the observation 

Results 



Non-stationary variance model 
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Mapping soil properties using a non-stationary variance geostatistical model 

𝑍 𝑠 =  𝜇 +  𝜎𝜀(𝑠) 

Ordinary kriging 

mean + random error 

𝑍 𝑠 =  𝜇(𝑠) +  𝜎𝜀(𝑠) 

Universal kriging (non-stationary mean) 

spatial trend + random error 

𝑍 𝑠 =  𝜇 𝑠  +   𝜎(𝑠) ∙ 𝜀(𝑠) 

Universal kriging with non-stationary variance 

error spatial 
standard 
deviation 

spatial 
trend 

target 
variable 

• Simple solutions exist for non-stationarity 

Results 



Non-stationary variance model 
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Mapping soil properties using a non-stationary variance geostatistical model 

𝑍 𝑠 =   𝛽𝑘𝑓𝑘 𝑠  

𝐾

𝑘=0

 +     𝜅𝑙𝑔𝑙(𝑠)

𝐿

𝑙=0

∙ 𝜀(𝑠) 

Mean at location 𝑠 

Standard deviation at 
location 𝑠 

Standardised random 
error 

Results 



Non-stationary variance model 
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Mapping soil properties using a non-stationary variance geostatistical model 

In matrix notation 

𝒛 = 𝑭𝜷 + 𝑮𝜿 ∙ 𝜺  

𝑪 = 𝑑𝑖𝑎𝑔 𝑮𝜿  ∙ 𝑹 ∙ 𝑑𝑖𝑎𝑔 𝑮𝜿 𝑇 is the variance-covariance matrix 
  (𝑹 is the correlation matrix) 

Predictions at new location 

𝒛 𝒔0 =  𝐟 𝒔0
𝑇𝜷 + 𝒈 𝒔0

𝑇𝜿 ∙ 𝜺 𝒔0  

Prediction error variance at new location  

 
   
+ 𝒇0 − 𝑭𝑇𝑪−1𝒄0

𝑇 𝑭𝑇𝑪−1𝑭 −1𝒇0 − 𝑭𝑇𝑪−1𝒄0 

𝜎2 𝒔0 = 𝒄 0  − 𝒄0
𝑇𝑪−1𝒄0 

Prediction error variance of the residuals 

Error variance of the trend 

Results 



Parameter estimation 
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Mapping soil properties using a non-stationary variance geostatistical model 

With exponential correlogram 

𝑟 ℎ = 𝑐0 + 1 − 𝑐0 exp
−3ℎ

𝑎
 

We need to estimate Φ = 𝜅𝑖 , 𝑐0, 𝑎  and 𝛽𝑖  
 
Independent of 𝛽𝑖, Restricted log-likelihood: 

ℓ Φ|𝒛 = 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 −
1

2
ln 𝑪 −

1

2
ln 𝑿𝑇𝑪−1𝑿 −

1

2
𝒚𝑇𝑪−1 𝑰 − 𝑸 𝒛 

𝛽𝑖  are estimated with GLS using REML estimates of 𝜅𝑖 , 𝑐0, 𝑎  

Results 



Case study in central China 
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Mapping soil properties using a non-stationary variance geostatistical model 

Soil clay content (0-20 cm) 

 140 topsoil samples 
with clay content 
analysis (%) 
 

 
 

 13 covariates 
 
 
 
 

Results 



Covariates 
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Mapping soil properties using a non-stationary variance geostatistical model 

𝑍 𝑠 =   𝛽𝑘𝑓𝑘 𝑠  

𝐾

𝑘=0

 +     𝜅𝑙𝑔𝑙(𝑠)

𝐿

𝑙=0

∙ 𝜀(𝑠) 

Profil curvature 

Northing 

Wetness Index 

Catchment area 

Altitude above 
channel network 

Results 

+ . 



Results 
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Mapping soil properties using a non-stationary variance geostatistical model 

Prediction Prediction error variance 

Stationary 
model 

Non-
stationary 
variance 
model 

𝑍 𝑠 =  𝜇 𝑠  +   𝜎(𝑠) ∙ 𝜀(𝑠) 

𝑍 𝑠 =  𝜇(𝑠) +  𝜎𝜀(𝑠) 



Summary statistics 
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Mapping soil properties using a non-stationary variance geostatistical model 

Log-
likelihood 

AIC RMSE 𝑹𝟐  var(z score) 

Standardised 
squared 

prediction 
error  𝜃 𝒔  

MUKV 

Stationary 
model 

-459.9 933.7 6.045 0.4044 0.9484 0.9416 43.24 

Non-
stationary 
variance 
model 

-457.0 932.0 6.035 0.4063 0.9516 0.9448 37.79 

MUKV =  𝑣𝑎𝑟 𝑍 𝑠 − 𝑍 𝑠 𝑑𝑠
𝑠∈𝐴

 

𝜃 𝑠 =
𝑍 𝑠 − 𝑍 𝑠

2

𝜎2(𝑠)
 

 

𝑣𝑎𝑟 𝑧 𝑠𝑐𝑜𝑟𝑒 =  𝑣𝑎𝑟
𝑍 𝑠 −𝑍 𝑠

𝜎 𝑠
   

Results 



Accuracy plot 
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Mapping soil properties using a non-stationary variance geostatistical model 

Precision (Deutsch, 1997) Goodness (Goovaert, 2001) 

Stationary model 0.9430 0.9694 

Non-stationary variance 
model 

0.9435 0.9703 

Results 



Interested ? 
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Mapping soil properties using a non-stationary variance geostatistical model 

Results 
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