MSc Introductory Material - Block A
Introduction to Probability and Statistics
Solutions to Exercises

1.

(a) P(4 cards of same suit )= —

(b) P (at least two aces)
=1— P(noaces)— P(1ace)
L RE O6)
r) ;)

=1—-0.7187 — 0.2556 = 0.0257

(c) P (same number ‘clubs’ as ‘spades’) = P(0C,0S) + P(1C,1S) + P(2C,285)

C®EE) BEHE) ()
GGG
= 0.0552 + 0.2029 + 0.0225

= 0.2806

2.
(@ AUB= AU (B\A)
Therefore P(A U B) = P(A) + P(B\A) (mutually exclusive). Also (B\A) U (BN A) = B.

A _ g

Therefore P(B\A) + P(BN A) = P(B), from Axiom 3, which implies that
P(ANnB)=P(A)+ P(B) — P(AN B)
(b)



P(AUBUC)=P[(AuB)UC]|=P(AUB)+ P(C) — P[(AUuB)NC] from (a)
= P(A)+ P(B)— P(AnB)+ P(C)—{P(ANnC)+P(BNC)—P(ANBNC)}
= result

Generally P [ J;; A;] = Y7 P(A;) = > >ic; P(AiNAy)
EX Y P (AN4NA)- crp(f)a).

1<j<k
(c) P(AN B) > 0 therefore P(AU B) = P(A) + P(B) — P(An B) < P(A) + P(B).

General: not immediately obvious because of alternating signs. Use induction: True for n = 1, 2. Assume true
forn = k Therefore P (A1 J...UAr) < P(Ay) +...+ P (Ag) Now

P(AjU...UA,) = [(A1 U UAk) UAk+1]
< P<A1U"’UAk) + P (A1) [result for n = 2]
<P(A))+P(Ay)+...+ P (A1) asrequired

PNTA]=1-P[(N]A4)]=1-P[U7 A5] =137 P (AS) from2(c) (b)Require
PN} Ai] >1—aandknow P[] 4;] > 1— 37 P (49
Take Y7 P (A$) = o, i.e. P (A¢) = £ common. Therefore P (4;) =1 — £.4.

pBOA) P(B) — P(AN B)

P(B| A% = P(AC) = B (A) (asin Q.2)
P(B) P(A)P(B | 4)
- P(4)
P(B) - P(A)P(B) _
1 — P(4A) = P(B)

P(ANnB°) =P(A)—P(ANB) (asinQ.2)
= P(A) — P(A)P(B) since A, B independent
= P(A). P (B°)
ie A, B° independent

Replace A by B¢, B by A = same argument = A€, B¢ independent. Generalization: if we take a collection
of independent events, and replace any or all of them by their complements, then we still have a collection of

independent events. 6. P(N = 2) = P(RR) 2 S
P(N =3)=P(RWR) + PWRR)=2.2. it +2.2. 12 Similarly

7 6 5 ' 7 6 5 2
P(N =4)= 2—31,P(N =5) = %,P(N =6) = %,P(N = 7) = --. Distribution function
P(N<2) =5 P(N<3)= 3 P(N<4) =4 (1\735):1—1
P(N<6):E
21
PIN<T) =2



g

Féo

1
= x=0,1
Tr) = 2 ’
/@) {O otherwise
0 =<0
F(x) = % 0<z<l1
1 =z>1
-
o
b oa-
% T =2
0 =<0
1
= 0<zx«1
F(x) =< ¢ -
*) 2 1<z<2
1 2<z
1/4. [J@ x
B

0 otherwise

f(m):{l 0<z<l1

0 <0
Flz)={z 0<z<1
1 z>1



8.
o { X
_ 00 _ z—19 — 1 — 1
E(X) =>> z(1-60)>10=40 o
_ — 00 _ _ /z-1p — _ 2 — 2(1-9)
E{X(X -1)} Yl x(z—-1)(1-0)*10=0(1—-0) T 02
Therefore var(X) = E{X(X —1)}+ E(X) — [E(X)]?
— 200 11 _ 10
0 NS 0

9.
Pla<X<b=PX<b)—-P(X<a)
b B 2 a B 2
:/ 1_ exp _l(a: M) dx—/ 1_ exp _l(w ,u) dx
oo V270 2 o oo V270 2 o
b—p a—p
:/ ’ 1_6_%Z2dz—/ ’ 1_e_%z2dz {Putz: x_'u;dz: d_m}
—00 \/277 —00 \/27'(' o g
b—pu a— W . . ) .
=& - & since integrand is ¢(z) the N(0, 1) density

o o
10.
0 o pa—1_ Az oo ya+l oa+l-1_ -z
E(X):/ x)\m e dx:g/ Aot e @
0 () A Jo Ma+1) A
. o ofa+1)
Similarly E ( X%) = —
Therefore var(X) = E (X2) — [E(X)]2 = M _ a_2 e
22 )2 22
_ P(X>a+b)(X>a))  P(X>atb)
M. P(X>a+b| X >a)= PX>a) = e

Geometric: P(X > a) = > 02, (1 —60)'0 =01 — 6)*™/[1 — (1 — 6)] = (1 — 6)*™. Thus

P(X>atb) _ (1-0)*"" o > . . el
Pod o (1 — 0)® = P(X > b). If you take the Geometric p.f. in the form 6(1 — 6)

(for X = number of trials, not number of failures, before first success) you obtain the result

P(X>a+b|X>a)=P(X>0b)

In either case, the key property, that P(X > a + b | X > a) is independent of a, is established.

Exponential: P(X > a) = [* e **dx = e~**. Thus P;)((;i+)b) = ‘fA(ZH’) =e N =P(X >0b).12.
a e



var(X) =u for Po(u)

so var[g(X)] ~[g' ()]
=k, say

so need g'(u) = k
W

ie g(u) =2,/ku(+ constant)
ie take g(X) =2/k+v/X to obtain approximately constant variance

[ any multiple of v/X]
18. P(Y =0) = P(X € [0,0.5)) = &; P(Y =1) = P(X € [0.5,1.5)) = &
P(Y =2) = P(X € [15,25)) = 8 P(Yy =3) = P(X € [25,35)) = &

E(X) = [}z - 2dz = 2.67 E (X?) = 8 = var(X) = 0.889
B(Y)=g[0x1+1x8+...+4x15] =26878 E(Y?) = 8.25 = var(Y) = 1.027
Grouping has increased both mean and variance. 14. (a)
Y
P(z,y)123
1 oll
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3
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ke same value. Otherwise all possible outcomes equally probable.

P(X < Y) - P{(]" 2)7 (17 3)a (2a 3)} = %
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(c)No, since,eg. P(X =1,Y=1)=0#P(X=1)P(Y =1) = % 15. Need
ffR ke "1dx;dxs = 1li.e. f;;ozo kf;ib e idxidxs = 1

% P
=
R

ﬂﬂz‘-—-:-:-y)
X,

ie. f;;o ke ":dxs = lie. k=1

T
fx, (x1) = / e "ldzy = z1e” " (0 < 21 < 0)
x,=0

16.

var(X+Y)=cov(X+Y,X+Y)
= cov(X, X) + cov(Y, X) + cov(X,Y) 4+ cov(Y,Y)
= var(X) + var(Y) + 2cov(X,Y)

17. Not uniquely invertible - so proceed from first principles

LetY = X2(y > 0)

Fy(y) = P(Y <y) = P(X* <y) = P(-,§ < X < \/7)
/‘/ﬂ 1 _ 1.2
= e 2% du

NG V2

2/ﬂ L o idub ¢
- —€ 2 u symmetr
- y sy y

e 2

1
V2

-

dv

vy 1
Putu2:vie2udu:dv:>/ —
0 \/27'('



Therefore fy (y) = \/%y_%e_%y(y >0) ieGa (% %) = x3.18. X, Y independent
Ez(1) = Ga(1,1) = X+Y ~ Ga(2,1) fxy(z,y) = e ¥ (z > 0,y > 0). Put

u=zc+y, v=2x—Y {' therefore:z::“;”,y:“;

1 1
J(u,v) = det( f i ) = —% therefore
2 2
v u

fUV(U v) = fXY(uz ) ;v) 1| = 1 e *“(u>0,—u < v < u) therefore

fo(u) = [° dv- —e“:ueuleGa(2 1).19.
X, 3 4 -2 —2
Xy | ~Np,X)=N 21,12 2 1
X, 2 2 1 2
Y 110y [ 2
)= (o i) (2] -m 2
Y, 10 1
X3 X3

2 -1
Thus By = (Z),BEB’ = (2 (1) 0)

w()-~(()( 1)

20. Xi,..., X, ~ Ex(X) = Ga(1, \) therefore Y | X; ~ Ga(n, A) therefore

(i 2)

—_ O
Il

nT y\n n—1_—Au

P(ng):P(ZXignx):/o %du

/a: (n/\)n,vnflefn)\v
= dv
0 ['(n)

— n,n—1,—n\v n=1_(n-1)-1_,-nkv
ie X ~ Ga(n, n)\).ThereforeE(%) = [ %Mdv = mA poo () v ey

T'(n) n—1J0 I'(n—1)

21. X; ~ Po(aX), Xy ~ Po(b)\)
(i) Ty = % E(Ty) = = {E (X)) + E(Xz)} = —L-(aX + bA) = A unbiased
var(T}) = —= 7 {var(X;) + var(X,)} = ; (@l +bA) =

a+b

+)

(i) Ty = X2 : Not very sensible, since could take —ve values
E(T,) = a\ — bA] = A unbiased

(a—b) [

v



L var(X2) + var(Xs)] = (255

(iiiy Ty = %(ﬁ + ) E(T3) = —a)\ + o 1 55 DA = A unbiased

1 a+b
T3) = —a) —b)\ = A
var(T3) = 122 ® + e 1oh
Dismiss estimator Ty; Ty, T3 both unbiased, but var(7}) < var(T3) = T} is best
[check: == < a—+b & (a+ b)% > 4ab < (a — b)? > 0 which is true]

[In fact, Tl is the minimum variance unbiased estimator of A ].
22. L(X | 0) = [[7, 6x7t = o 7 x5
therefore E(G) ln L(X | 0) = n1n9 +(0—-1)3TnX;

therefore E =2 —i— >InX; =0 ifO = lenX
[ii = —2 < 0 so maximum |.
de 0
23. L(X | 6) = (X)eX(l — )X
therefore £(0) = In(%) + XIn6 + (n — X)In(1 — 6)
therefore % = % — T;)e( = 0= ML Estimatoré = %
(ch?ck 8 0)
E@) = ( ) = 1.1 = @ ie unbiased.

24, in (mz) = \;e" )\ml = Bzie—ﬂzimi
therefore L(X | B) = 11, Bz;e P=¥i
therefore E(ﬂ) =nlnf+ Y {tnz; — B 1 X
therefore% =0= ——Zzz —0:>MLEB—

ZZ lzX
2. L(X | e fyo%) = (27r1)n/2 (021>"/2 {_ﬁ 20 (Xi—a— ﬁti)2}
nersors £ (X | 0, 8,0%) =~ tn(2m) — 560 (0%) — 7 f (X

Puto? = v = £(X;a, B,v) = —5fn(27) — Snv — Lv (X; — o — Bt;)?

2 2
ﬁ:0:>— (Xi—Oé—,Btz)—O
Oa v
ov 1
%—Oizztl(){l « Btl)—O
EM n 1 2
% 0= 2V+2V2 (X; — a— Bt) 0
g AZ
1)&(2) = & TP
ant; +ﬂ2t2 St X
. (X, — X
PR ETEE
S(ti—t)
&=X- Bt

See Block B section 4 for more on this. 26.

X1, X2,..., X, ~ N (0,0%)

a— Bt;)’



Hy:0? =02 Hy : 0° = 0? (> 00) S XZis MLE of 02 Form of test : critical region

={X: Y X?> c} Now —’ ~ N(0,1),s 2 therefore ZUX ~ X2 (additivity of x? )

Thus to evaluate c,

set P(}X?>c|o®=0%) =a=0.05 say

ie (zx, > —) — 0.05
‘70 Jo
ie P (x% > %) —0.05
<
ie ¢ =0 (2JX3L;0.95

Ifn = 25

L 2 37-65

0
So for power = 0.95, we require

5 X§5;0.05 = 14.61
01

Also — = X25 095 = 37.65
o9?

2
. _ 38 s
0'02 1461
27. From Section 6.4.3. if X1, X5,... X,, ~ N (,u, ) then S/\/_ ~ t,_1 where

X=1vx,82="L%(X,-X)" so

n— n—1




—> 100(1 — )% ClI of form (as in normal case) (a_: —ty 1o %, T +t, 1.q_2 ﬁ)
VAL T2

T
tje

= -1
Nt

Forn =16,z = 95.8,s2 = 30.25,a = 0.1

(95.8 — 1753 x Y35 958 1 1.753 “%—25) — (93.39,98.21) 28.

n—1)82
X1, Xoy .oy X N(N’70'2) = % ~ X72«L_1
Therefore
—1)82
P 2 . < (’I’L— < 32 a) =1—-«
<X”133 - o2 - anl;lf;
~*
N=f
ol ol
100(1 — &) %CI of form A, :'
(=] - r 4
i . |=
"_f'% 4; 1 ‘.'zlr
(n—1)s?2 (n—1)s?
2 ’ 2
Xp-11-2  Xp_pe
2 2

Here

39 x 25 39 x 25
58.12 ’ 23.65

s> = 25,n = 40 = ( ) = (16.78,41.23)

20. X ~ Bi(2,0)Hy: 0= 3 H : 0 =2



x
p(x]0) 0 1 2
A 0=11 1
Mot b 3 4

Test X1 xXo « [

1 {ob {12} 1 &

> {1} {02} )3

3 {2 {01} §

4 {0,1} {2} 1 %

5 {02 {1 4

6 {1,2} {0} 1 1w

7 {0,1,2} o 1 0

8 o {0,1,2} 0 1

Test 3 probably best in terms of simultaneous reduction of o and 3.

)\Z Xie—n)\

30. XlaX27 L 'aXn from PO(A) SO L(X | )‘) = I X!
14

lemma suggests critical region of form

ieif > X; > " = k, say since ln<i—?> <0]
Now Y X; ~ Po(n)) by additivity of Poissons

~ approximately N(nA,nA) if n) large.

_ _ o k—n/\o o
ThereforesetP(ziX}>k|)\—)\0)—1 @{m}_
ie k = nXo + 1/nA® (1 — a).

H0:>\:)\0H12>\:>\1(>>\0)N-P



31. X1, Xo, ..., X, from Ex())
soL(X | \) = \te AL X

HO . )\ = )\0
Hl . )\ 7é )\0
Use likelihood ratio method:
MLEX =1/X
so A = L(X|\y) — /\one*")‘()}Z — ()\OX)ne_n<)\0i_1)

L(X|1/X) (X) e
so test has critical region

i = {x (o) e (1) c}

& In(AgX) — A X < ¢

Consider
fly) =lny—y
f'(y) = l—1:Oify:1
Y
1
f'y)=-=
]

Thus, f(y) increases from —oo as y increases from zero, until it reaches a maximum of -1 when y = 1, and
then it decreases steadily to —oo as y increases further. Thus the curve is above ¢ (which must be < —1)
provided y is between the two roots of f(y) = ¢’. Hence

x1={X:X<aorb< X}
where a, b are roots of f(y) = .

32. X1,X5...,X, ~ N (p,0%) (o known )

Hy:p=p
Hy:p# o
LX | p) = obexp{ 55 X (@ — )’ fmE = X
_ LX) _ _ 1 2 _x)2L= (% — )2
Thus A = TXE) exp{ = [Z (Xi —po)” =X (X; — X) }} = exp{ = (X — o) }
Therefore
S 2
_ n (X —
o2 o
Now
_ 2 n (X —
X~N<u0,a—> if Hy is true = Vi (X — ) ~ N(0,1) under H,
n o
Therefore

under Hy, —2In A ~ x32



