Representing Periodic
Functions by Fourier

Series 23.2
m Introduction

In this Section we show how a periodic function can be expressed as a series of sines and cosines.
We begin by obtaining some standard integrals involving sinusoids. We then assume that if f(¢) is
a periodic function, of period 27, then the Fourier series expansion takes the form:

f(t) = % + ;(an cosnt + by, sin nt)

Our main purpose here is to show how the constants in this expansion, a,, (forn =0,1,2,3... and
b, (forn=1,2,3,...), may be determined for any given function f(t).

/ e know what a periodic function is \
q Prerequisites e be able to integrate functions involving
sinusoids

Before starting this Section you should . ..
\ e have knowledge of integration by parts j

e calculate Fourier coefficients of a function of \

q Learning Outcomes period 2m

e calculate Fourier coefficients of a function of
general period /

On completion you should be able to ...

NS
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1. Introduction

We recall first a simple trigonometric identity:

1 1
cos2t = —1 + 2cos’ t or equivalently cos’t = 3 + 5 08 2t (1)

Equation 1 can be interpreted as a simple finite Fourier series representation of the periodic function
f(t) = cos®t which has period 7. We note that the Fourier series representation contains a constant
term and a period 7 term.

A more complicated trigonometric identity is
3 1 1
sin't = g—écos%—i—gcosélt (2)

which again can be considered as a finite Fourier series representation. (Do not worry if you are
unfamiliar with the result (2).) Note that the function f(t) = sin*t (which has period 7) is being

written in terms of a constant function, a function of period 7 or frequency — (the “first harmonic™)
T

2
and a function of period g or frequency — (the “second harmonic").
s

The reason for the constant term in both (1) and (2) is that each of the functions cos?t and sin® ¢
is non-negative and hence each must have a positive average value. Any sinusoid of the form cosnt
or sinnt has, by symmetry, zero average value. Therefore, so would a Fourier series containing only
such terms. A constant term can therefore be expected to arise in the Fourier series of a function
which has a non-zero average value.

2. Functions of period 27

We now discuss how to represent periodic non-sinusoidal functions f(¢) of period 27 in terms of
sinusoids, i.e. how to obtain Fourier series representations. As already discussed we expect such

Fourier series to contain harmonics of frequency o (n =1,2,3,...) and, if the periodic function
T

has a non-zero average value, a constant term.

Thus we seek a Fourier series representation of the general form

flt) = %—kalcost—kagcothqL...+blsint+bgsin2t+...

. ap . . :
The reason for labelling the constant term as —% will be discussed later. The amplitudes aq, as, . ..
b1, ba, ... of the sinusoids are called Fourier coefficients.

Obtaining the Fourier coefficients for a given periodic function f(¢) is our main task and is referred
to as Fourier Analysis. Before embarking on such an analysis it is instructive to establish, at least
qualitatively, the plausibility of approximating a function by a few terms of its Fourier series.
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Consider the square wave of period 27 one period of which
is shown in Figure 10.

>

wlﬁ‘

(a) Write down the analytic description of this function,

(b) State whether you expect the Fourier series of this function to contain
a constant term,

(c) List any other possible features of the Fourier series that you might
expect from the graph of the square-wave function.

Your solution

Answer
(a) We have

ft) =

ft+2m) = f(t)

(b) The Fourier series will contain a constant term since the square wave here is non-negative and
cannot therefore have a zero average value. This constant term is often referred to as the d.c.
(direct current) term by engineers.

(c) Since the square wave is an even function (i.e. the graph has symmetry about the y axis) then
its Fourier series will contain cosine terms but not sine terms because only the cosines are even
functions. (Well done if you spotted this at this early stage!)
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It is possible to show, and we will do so later, that the Fourier series representation of this square
wave is

8 1 1 1
2+ —qcost — —cos3t+ —cosbt — —cosTt+ ...
T 3 5 7

i.e. the Fourier coefficients are

a 8 8 8
— =2 a; = — as = 0, a3 = ——, as =0, as = — ,...
5 ) 1= 2 3 3. 4 55 5o
Note, as well as the presence of the constant term and of the cosine (but not sine) terms, that only
27 27 2w
odd harmonics are present i.e. sinusoids of period 2, 5 T or of frequency 1,3,5,7,...

1
times the fundamental frequency o
T

We now show in Figure 8 graphs of

(i) the square wave

(i) the first two terms of the Fourier series representing the square wave
(iii) the first three terms of the Fourier series representing the square wave
(iv) the first four terms of the Fourier series representing the square wave

(v) the first five terms of the Fourier series representing the square wave

Note: We show the graphs for 0 < ¢ < 7 only since the square wave and its Fourier series are even.

(i) 4
4

——

—T — s T t
2 2
(i) &
2—|—§cost 2+§(C05t*1COS3t)

™ T 3
s t t
) ™ s

1
(V) \ 2+—(COSt——COS3t+gCOS5t——COS7t)
TSN
Figure 8
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We can clearly see from Figure 8 that as the number of terms is increased the graph of the Fourier
series gradually approaches that of the original square wave - the ripples increase in number but

decrease in amplitude. (The behaviour near the discontinuity, at ¢ = —, is slightly more complicated

and it is possible to show that however many terms are taken in the Fourier series, some “overshoot”
will always occur. This effect, which we do not discuss further, is known as the Gibbs Phenomenon.)

Orthogonality properties of sinusoids
As stated earlier, a periodic function f(¢) with period 27 has a Fourier series representation

flt)y = %+alcost+a26082t+...+blsint+bgsin2t+...,

= % + Z(an cosnt + by, sinnt) (3)

n=1

. . .. a .
To determine the Fourier coefficients a,,, b, and the constant term 50 use has to be made of certain

integrals involving sinusoids, the integrals being over a range o, « + 27, where « is any number. (We
will normally choose oo = —r.)

Find /sinntdt and /cosmfdt where n is an integer.

—T —T

Your solution

Answer
In fact both integrals are zero for

T 1 " 1
/ sinntdt = [—— cos nt} = — (—cosnm 4 cosnm) =0 n#0 (4)
x n .on
™ 1 ) ™
/ cosntdt = {— sin nt} =0 n#0 (5)
_W n .

As special cases, if n = 0 the first integral is zero and the second integral has value 27.

N.B. Any integration range a, a + 27, would give these same (zero) answers.
These integrals enable us to calculate the constant term in the Fourier series (3) as in the following

task.
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Integrate both sides of (3) from —7 to 7 and use the results from the previous
Task. Hence obtain an expression for ayg.

Your solution

Answer
We get for the left-hand side

/_ f(t)dt

(whose value clearly depends on the function f(t)).
Integrating the right-hand side term by term we get

1 T 0 i s ‘ 1 T [e'e)
5/_ﬂa0 dt—l—;{/_ﬂancosnt dt+/_ﬂbnsmnt dt} =3 [ao t}_ﬂ—l—;{O%—O}

(using the integrals (4) and (5) shown above). Thus we get

/ F(t)dt = & (2agm) / () (6)

q Key Point 1

The constant term in a trigonometric Fourier series for a function of period 27 is

1 ™
— = —/ f(t)dt = average value of f(¢) over 1 period.
™ —T
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This result ties in with our earlier discussion on the significance of the constant term. Clearly a signal
whose average value is zero will have no constant term in its Fourier series. The following square
wave (Figure 9) is an example.

A f(1)
—_— : L —_—
| : E T o =
: | 4] - :
Figure 9

We now obtain further integrals, known as orthogonality properties, which enable us to find the
remaining Fourier coefficients i.e. the amplitudes a,, and b, (n = 1,2,3,...) of the sinusoids.

Using the standard trigonometric identity that

1
sinnt cos mt = 3 {sin(n + m)t + sin(n — m)t}

™
evaluate / sinntcosmt dt where n and m are any integers.
—T

Your solution

Answer
We get

/ sinnt cosmt dt = 5 {/ sin(n + m)t dt+/ sin(n —m)t dt} = 5{0 +0}=0

—T —T —T

using the results (4) and (5) since n +m and n — m are also integers.

This result holds for any interval of 27.
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Q Key Point 2

Orthogonality Relation

For any integers m, n, including the case m = n,

iy
/ sinntcosmt dt =0

—Tr

We shall use this result shortly but need a few more integrals first.
Consider next

T
/ cosnt cosmt dt where m and n are integers.

—T

Using another trigonometric identity we have, for the case n # m,

™ 1 Tf
/ cosntcosmt dt = 5 cos(n + m)t + cos(n — m)t}dt

—T —T

1
= 5{0 +0} =0 using the integrals (4) and (5).
For the case n = m we must get a non-zero answer since cos® nt is non-negative. In this case:

s 1 K
/ cos’nt dt = —/ (14 cos2nt)dt

—Tr 2 —TT

For the case n = m = 0 we have ffﬁ cosnt cosmt dt = 27

Proceeding in a similar way to the above, evaluate

/ sinntsinmt dt

—T

for integers m and n.

Again consider separately the three cases: (a) n # m, (b) n =m # 0 and (c)
n=m=0.
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Your solution

Answer
(a) Using the identity ~sinntsinmt =  {cos(n — m)t — cos(n + m)t} and integrating the right-
hand side terms, we get, using (4) and (5)

/ sinntsinmt dt =0 n,m integers n#m

—T

(b) Using the identity cos 26 = 1 — 2sin?# with § = nt gives for n = m # 0

™ 1 s
/ sin®nt dt = 5/ (1 —cos2nt)dt =7

-7 —T

(c) When n=m =0, / sinnt sinmt dt = 0.

—T

We summarise these results in the following Key Point:

% Key Point 3

/ sinntcosmt dt = 0

—Tr

For integers n,m

T 0 n#m

/ cosntcosmt dt = T n=m%#0

- 2r n=m=20

/ sinntsinmt dt = { 0 n#m, n=m=0
. T n=m

All these results hold for any integration range of width 27.
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3. Calculation of Fourier coefficients

Consider the Fourier series for a function f(t) of period 27:

f(t) = % + i(an cosnt + by, sin nt) (7)

n=1

To obtain the coefficients a, (n = 1,2,3,...), we multiply both sides by cosmt where m is some
positive integer and integrate both sides from —m to 7.

For the left-hand side we obtain

f(t) cosmt dt

For the right-hand side we obtain

a T 00 s T
50/ Cosmtdt+2{an/ cosntcosmtdt—i—bn/ sinntcosmtdt}

n=1

The first integral is zero using (5).

Using the orthogonality relations all the integrals in the summation give zero except for the case
n = m when, from Key Point 3

/ cos’mtdt =7

—Tr

Hence
/ f(t)cosmt dt = a,,m

from which the coefficient a,, can be obtained.

Rewriting m as n we get
1 ™
an:—/ f(t) cosnt dt for n=1,2,3,... (8)
™ —T

Using (6), we see the formula also works for n = 0 (but we must remember that the constant term

From (8)
a, = 2 X average value of f(t)cosnt over one period.
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By multiplying (7) by sin mt obtain an expression for the Fourier Sine coefficients
by m=1,2,3, ...

Your solution

Answer
A similar calculation to that performed to find the a,, gives

f(t)sinmt dt = % sinmt dt + Z {/ ay, cos nt sinmt dt —|—/ by, sin nt sin mt dt}

- n=1 - -7

All terms on the right-hand side integrate to zero except for the case n = m where
/7r b, sin® mt dt = b,

Relabelling m as n gives
bn:%/ﬂf(t)sinntdt n=123,...

(There is no Fourier coefficient by.)
Clearly b, = 2 x average value of f(t)sinnt over one period.
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Q Key Point 4

A function f(t) with period 27 has a Fourier series

o0

f(t) = % + ; (a, cosnt + b, sinnt)
The Fourier coefficients are

1 ™
a, = — f(t) cosnt dt n=0,1,2,...

7r
1 [7 )

b, = —/ f(t)sinnt dt n=12...
™ —Tr

In the integrals any convenient integration range extending over an interval of 2m may be used.

4. Examples of Fourier series

We shall obtain the Fourier series of the “half-rectified” square wave shown in Figure 10.

A f(2)

r— 1 . pr—— r—

1 1 7'T 27;— . 1 ;t
< period >

Figure 10
We have
1 O<t<m
) { 0 m<t<2m

flt+2m) = [f(t)

The calculation of the Fourier coefficients is merely straightforward integration using the results
already obtained:

1 7T
an = —/ f(t) cosmt dt
™ —T

in general. Hence, for our square wave

17 1 nnt1™
an = —/ (1) cosntdt = — {smn :| =0 provided n 7é 0
0

™ ™ n 0

20 HELM (2008):
Workbook 23: Fourier Series



1 [" a 1
But ap = —/ (1) dt = 1 so the constant term is -
T Jo 2 2
) 1.
(The square wave takes on values 1 and 0 over equal length intervals of ¢ so 3 is clearly the mean
value.)

Similarly

1 (7 1 t1"
b, = —/ (1)sinntdt = — [_cosn ]
T Jo T n
Some care is needed now!
1

b, =—(1—
mr( cos n)

0

But cosnm = +1 n=24,6,...,

by=0 n=2046,...

However, cosnm = —1 n=13,5,...
1 2
b,=—(1—-(-1) = — =1,3,5,...
—(A=(=1))=— n
2 2 2

i.e. bl = —, b3 = s b5
T

3m S5’
Hence the required Fourier series is

f&) = % + ;(an cosnt + by, sinnt) in general
F(t) L2 (sing + Ssinst + Ssinse + in thi
= —+ — |sint+ - sin —sin . in this case
2 3 )

Note that the Fourier series for this particular form of the square wave contains a constant term and
odd harmonic sine terms. We already know why the constant term arises (because of the non-zero
mean value of the functions) and will explain later why the presence of any odd harmonic sine terms
could have been predicted without integration.

The Fourier series we have found can be written in summation notation in various ways:

o0

1 2 1

-+ — Z —sinnt or, since n is odd, we may write n =2k —1 k = 1,2,... and write the
2 m~=n

(n 7odd)
1 2 1

Fouri i -+ — ———sin(2k — 1)t

ourier series as o + - ; k= 1) sin( )
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A

Obtain the Fourier series of the square wave one period of which is shown:

po|x

Your solution

22
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Answer
We have, since the function is non-zero only for —5 <t<3,

™

1 2
CZOZ—/ 4dt =4
™ J_

jus
2

a .
?0 = 2 is the constant term as we would expect. Also
1 [2 4 [sinnt]?
a, = —/ 4cosntdt = — [ }
s _g s n _

[ME]

4 (. (nmw . nm 8 . /nm
= E{sm(;}—s,ln(—?))—%snl(?) n=123,...

It follows from a knowledge of the sine function that

0 n=24,6,...

(

i n=15,9,...

nmw
_8 n=3"711,...
nm
Also
1 (3 4 2 4
by = —/2 dsinntdt = — [—COSM} = —— {cos (T> — Cos (—T)} =0
™)z s L nmw 2 2

Hence, the required Fourier series is

bt

which, like the previous square wave, contains a constant term and odd harmonics, but in this case
odd harmonic cosine terms rather than sine.

8 1 1 1
flt)y=24—= (cost—gcos3t+—cos5t—?cos7t+...>
m

You may recall that this particular square wave was used earlier and we have already sketched the
form of the Fourier series for 2, 3, 4 and 5 terms in Figure 8.

Clearly, in finding the Fourier series of square waves, the integration is particularly simple because
f(t) takes on piecewise constant values. For other functions, such as saw-tooth waves this will
not be the case. Before we tackle such functions however we shall generalise our formulae for the
Fourier coefficients a,,, b,, to the case of a periodic function of arbitrary period, rather than confining
ourselves to period 27.
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5. Fourier series for functions of general period

This is a straightforward extension of the period 27 case that we have already discussed.
Using z (instead of t) temporarily as the variable. We have seen that a 27 periodic function f(z)
has a Fourier series

flz) = % + ;(an cosnx + by, sin nx)

with
1 (7 1 [7 )
ap = — f(z) cosnx dx n=20,1,2,... b, = — f(z)sinnz dx n=12...
T™J_x L
. 2
Suppose we now change the variable to ¢ where = = ?t.
Thus =7  correspondsto t=7T/2 and r = —m correspondsto t=—T/2.

Hence regarded as a function of ¢, we have a function with period 7.

2 2
Making the substitution z = %t, and hence dx = % dt, in the expressions for a,, and b,, we obtain

2 2nmt

T
@ = 7 2f(t)cos(T) dt n=20,1,2...

2 [z 2
b, = = gf(t)sin(%) dt n=12...

LI

These integrals give the Fourier coefficients for a function of period T" whose Fourier series is

_ag > ‘ 2nmt g 2nmt
f(t) = 5 +;{anc05( T )—i—bnsln( T )}

Various other notations are commonly used in this case e.g. it is sometimes convenient to write
the period T = 2¢. (This is particularly useful when Fourier series arise in the solution of partial
differential equations.) Another alternative is to use the angular frequency w and put 7' = 27 /w.

Write down the form of the Fourier series and expressions for the coefficients if
(a) T =2 (b) T =27/w.

Your solution
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Answer

(a) f(t) = % + nio; {an cos (nTirt) + b, sin (%ﬁ)} with a, = %/if(t) cos (nTirt) dt

and similarly for b,.

(b) f(t) = % + Z {a, cos(nwt) + b, sin(nwt)} with a, = %/ f(t) cos(nwt) dt

n=1
and similarly for b,.

€13

€13

: : : 2
You should note that, as usual, any convenient integration range of length 7" (or 2¢ or — ) can be
w
used in evaluating a, and b,.

Example 1

Find the Fourier series of the function shown in Figure 11 which is a saw-tooth
wave with alternate portions removed.

f(t)

2 |

M_—_—_
\
~

Figure 11

Solution

Here the period T'= 2¢ = 4 so { = 2. The Fourier series will have the form

f(t) = % + Z {an cos (%m) + by, sin <n77rt>}

The coefficients a,, are given by

ay, = %/_22 f(t) cos (%mf) dt

where
0 —2<t<0
ro={ TIiZy  sern=s0
1 /2 t
Hence a,, = —/ t cos (ﬂ) dt.
2 /o 2
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Solution (contd.)

The integration is readily performed using integration by parts:

2 nmt 2 . nrt\ 12 2 2 nmt
tcos| — | dt = |t —sin| — - — sin | — | dt
0 2 nmw 2 o Ny 2

1/ t
Hence, since a,, = —/ tcos(ni)dt
2 J, 2

0 n=246,...

n=135,...

n2m?

. Qo
The constant term is — where q¢ =

2
/ tdt =1.
0

N | —

Similarly

where

2 nmt 2 nrt\1? 2 2 nmt
tsin| — | dt = |—t—cos | — + — cos | — | dt.
0 2 nmw 2 o nm o 2

The second integral gives zero. Hence

2
- n=24,6,...
2) nm
b, = —— cosnm =
nm 2
+— n=1,3,5,...
nmw

Hence, using all these results for the Fourier coefficients, the required Fourier series is
f(t) 1 4 Tt n 1 3t n 1 5rt n
=—- — —{cos|— —cos [ — —cos | —
2 2 2 9 2 25 2
N 2 . Tt 1 . 27t i 1 . 3t
- sin 5 5 sin 5 3 sin 5 |

: . - 1 1
Notice that because the Fourier coefficients depend on — (rather than — as was the case for
n n

the square wave) the sinusoidal components in the Fourier series have quite rapidly decreasing
amplitudes. We would therefore expect to be able to approximate the original saw-tooth function
using only a quite small number of terms in the series.
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Obtain the Fourier series of the function

ft) = ¢ —-1<t<1
fit+2) = f(t)
ASf(t)
ST

First write out the form of the Fourier series in this case:

Your solution

Answer
Since T' = 2¢ = 2 and since the function has a non-zero average value, the form of the Fourier
series is

Qo = 3
-+ Z {ay(cosnmt) + by, sin(nzt)}

n=1

Now write out integral expressions for a,, and b,,. Will there be a constant term in the Fourier series?

Your solution

Answer
Because the function is non-negative there will be a constant term. Since 7' = 2¢ = 2 then { =1
and we have

1
a, = /tQCos(mrt)dt n=0,1,2,...
-1

1
b, = /tQSin(mrt)dt n=12...

1

1

_ a
The constant term will be 50 where ag = / 2 dt.
~1
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Now evaluate the integrals. Try to spot the value of the integral for b, so as to avoid integration.
Note that the integrand is an even functions for a,, and an odd functon for b,,.

Your solution

Answer
The integral for b, is zero for all n because the integrand is an odd function of ¢. Since the integrand

is even in the integrals for a,, we can write

1
an:2/ t? cos nrt dt n=0,1,2,...
0

1
o 2
The constant term will be % where qy = 2/ t*dt = 3
0

Forn =1,2,3,... we must integrate by parts (twice)

t2 1 9 1
a, = 2 { {— sin(mrt)] - —/ tsin(nmt) dt}
nm o T Jo

4 1 1
_ = { {_i Cos(mrt)] + —/ cos(nmt) dt} )
nmw nm o NTJo

. . . 4
The integral in the second term gives zero so  a, = ——;
nm

cosniw.

Now writing out the final form of the Fourier series we have

1 4o 1 4 1 1
f(t)= 3 + = ; COZ;W cos(nmt) = 3 + = {— cos(mt) + 1 cos(2mt) — 9 cos(3mt) + .. }
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Exercises

For each of the following periodic signals
e sketch the given function over a few periods
e find the trigonometric Fourier coefficients
e write out the first few terms of the Fourier series.

1 0<t<m/2

1. f(t) = flt+2m) = f(t) square wave
0 w/2<t<2m

2. f)y=t* —-1<t<1 ft+2)=f(t)

-1 -T/2<t<0
fe+T)=f(t) square wave
1 0<t<T)/2

2 O0<t<m

0 ~T/2<t<0
fE+7T)=f(t) half-wave rectifier

0 —7<t<O
4. f(t) = { f(t+2m) = f(t)

2
Asin%t 0<t<T/2

Answers

1.

1 1{ cos 3t cos bt }
+ —< cost — + — ...

T 3 5
n 1 . t+251n2t+sin3t+sin5t+281n6t+
—< sin
T 2 3 5 6
5 1 4 . cos 27t N cos 3nt  cos 4t .
-3 59 COS T 1 5 T
4 ( . 1 . 1 .
3. = smwt+§sm3wt+gsm5wt+... where w = 27/T.
T
4.
w2 5 . cos 2t+cos 3t
5 cos 52 2
4 4
+ {(W—;)sint—gsin%—i—(g—?):,)—ﬁ)sin?)t—%sinélt—i—...}
5 A+A ) ; ZA{COS 2wt+cos dwt }
. —+ —sinwt— —
™ ™ L (1)3) (3)(5)
HELM (2008): 29

Section 23.2: Representing Periodic Functions by Fourier Series



