Basics of z-Transform

Theory

ﬁ} Introduction

21.2

In this Section, which is absolutely fundamental, we define what is meant by the z-transform of a
sequence. We then obtain the z-transform of some important sequences and discuss useful properties

of the transform.

Most of the results obtained are tabulated at the end of the Section.

The z-transform is the major mathematical tool for analysis in such areas as digital control and digital

signal processing.

-

Q Prerequisites

\

Before starting this Section you should . ..

understand sigma (X) notation for \

summations

be familiar with geometric series and the
binomial theorem

have studied basic complex number theory

/
% Learning Outcomes

On completion you should be able to ...

NG

including complex exponentials /
define the z-transform of a sequence \

obtain the z-transform of simple sequences
from the definition or from basic properties of
the z-transform /
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1. The z-transform

If you have studied the Laplace transform either in a Mathematics course for Engineers and Scientists
or have applied it in, for example, an analog control course you may recall that

1. the Laplace transform definition involves an integral

2. applying the Laplace transform to certain ordinary differential equations turns them into simpler
(algebraic) equations

3. use of the Laplace transform gives rise to the basic concept of the transfer function of a
continuous (or analog) system.

The z-transform plays a similar role for discrete systems, i.e. ones where sequences are involved, to
that played by the Laplace transform for systems where the basic variable ¢ is continuous. Specifically:

1. the z-transform definition involves a summation
2. the z-transform converts certain difference equations to algebraic equations

3. use of the z-transform gives rise to the concept of the transfer function of discrete (or digital)

systems.
Q Key Point 1

For a sequence {y,} the z-transform denoted by Y'(z) is given by the infinite series

Definition:

Y(2)=yo+mzt+mpe 4. =) yuz " (1)

Notes:

1. The z-transform only involves the terms ,,, n = 0,1, 2, ... of the sequence. Termsy_1,y_o,...
whether zero or non-zero, are not involved.

2. The infinite series in (1) must converge for Y (z) to be defined as a precise function of z
We shall discuss this point further with specific examples shortly.

3. The precise significance of the quantity (strictly the ‘variable’) z need not concern us except
to note that it is complex and, unlike n, is continuous.

m Key Point 2

We use the notation  Z{y,} = Y (2) to mean that the z-transform of the sequence {y,} is Y ().

HELM (2008): 13
Section 21.2: Basics of z-Transform Theory



Less strictly one might write Zy,, = Y (z). Some texts use the notation vy, <> Y(z) to denote that
(the sequence) y,, and (the function) Y'(z) form a z-transform pair.

We shall also call {y,} the inverse z-transform of Y'(z) and write symbolically

{yn} =27V (2).

2. Commonly used z-transforms

Unit impulse sequence (delta sequence)

This is a simple but important sequence denoted by ¢,, and defined as

5 = 1 n=20
10 n==1,£2, ...

The significance of the term ‘unit impulse’ is obvious from this definition.
By the definition (1) of the z-transform

Z{6,} = 1+027'4022+...
1

If the single non-zero value is other than at n = 0 the calculation of the z-transform is equally simple.
For example,

5= 1 n=3
"3 71 0 otherwise
From (1) we obtain

Z{6p 3} = 040z 40z 2+234+024+...

= 2_3

Write down the definition of 6,,_,, where m is any positive integer and obtain its
z-transform.

Your solution

1 n=m i
On—m = { 0  otherwise Z{on-m} =
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Unit step sequence

As we saw earlier in this Workbook the unit step sequence is

(1 n=0,1,2,...
=0 n=-1,-2-3,...

Then, by the definition (1)
Z{up} =1+ 1z + 1272+ ...

The infinite series here is a geometric series (with a constant ratio 2! between successive terms).
Hence the sum of the first N terms is

Sy = 14214+ . 420D
B 1—2N
1=

As N - 00 Sy —

T provided |27 < 1
-z

Hence, in what is called the closed form of this z-transform we have the result given in the following
Key Point:

The restriction that this result is only valid if [z7!| < 1 or, equivalently |z| > 1 means that the
position of the complex quantity z must lie outside the circle centre origin and of unit radius in an
Argand diagram. This restriction is not too significant in elementary applications of the z-transform.
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The geometric sequence {a"}

For any arbitrary constant a obtain the z-transform of the causal sequence

£ = 0 n=-1,-2,-3,...
"l a n=0123,...

Your solution

Answer
We have, by the definition in Key Point 1,

F(z)=Z{f,} =1+az' +a%272+ ...

which is a geometric series with common ratio az~!. Hence, provided |az_1] < 1, the closed form
of the z-transform is

F(z) = 1 _

1—az!

z—a

The z-transform of this sequence {a"}, which is itself a geometric sequence is summarized in Key
Point 5.

Notice that if a = 1 we recover the result for the z-transform of the unit step sequence.
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Use Key Point 5 to write down the z-transform of the following causal sequences

(a) 2
(b) (—1)™, the unit alternating sequence
(c) e
(d) e where « is a constant.
Your solution
Answer
. n 1 z
(a) Using a =2 2{2}:1—22—122—2 |z| > 2
. n 1 z
(b) Using a = —1 Z{(-1)"} = 7o = 211 |z] > 1
(c) Using a = e Z{e "} = |z| > et
z
(d) Using a = e Z{ie "} = |z| >e™@

The basic z-transforms obtained have all been straightforwardly found from the definition in Key Point
1. To obtain further useful results we need a knowledge of some of the properties of z-transforms.
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3. Linearity property and applications

Linearity property

This simple property states that if {v,,} and {w,} have z-transforms V(z) and W (z) respectively
then

Z{av, + bw, } = aV (z) + bW (z)

for any constants a and b.
(In particular if @ = b = 1 this property tells us that adding sequences corresponds to adding their
z-transforms).

The proof of the linearity property is straightforward using obvious properties of the summation
operation. By the z-transform definition:

oo

Z{av, + bw,} = Z(avn + bw,)z™"
n=0

[e.o]

= Z(avnz_" + bw,z ")

n=0

= a Z U2 "+ b Z wpz "
n=0 n=0
= aV(z)+ bV (2)

We can now use the linearity property and the exponential sequence {e~*"} to obtain the z-transforms
of hyperbolic and of trigonometric sequences relatively easily. For example,

n n

e —e”
2
Hence, by the linearity property,

sinhn =

Z{sinhn} = %Z{Gn}—%z{en}

1 z z
- 2\z—e z—e!
z—elt—(z—¢)
22— (e+e)z+1
e—e!
22— (2cosh1l)z+1
zsinh 1

22 —2zcosh1l+1

Using an instead of n in this calculation, where « is a constant, we obtain

DO |

NGRS

z sinh «
22 —2zcosha + 1

Z{sinhan} =
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an —an

Using coshan = — obtain the z-transform of the sequence {coshan} =
{1, cosha, cosh2a,...}

Your solution

Answer
We have, by linearity,

1 1
Z{coshan} = §Z{e°‘”}+§Z{e_°‘”}

z( 1 1 >
= = +
2\z—e* z—e@

oz 22— (e*+e®)
2\ 22 —-2zcosha +1
2

z% — zcosh a
22 —2zcosha +1

Trigonometric sequences

If we use the result
z

Z{a"} = o

2| > |a|

iw

with, respectively, a = € and a = e~ where w is a constant and i denotes /—1 we obtain

ey = B} =

Hence, recalling from complex number theory that

elw

2

we can state, using the linearity property, that

COST =

HELM (2008): 19
Section 21.2: Basics of z-Transform Theory



1 - 1 ;
Z{coswn} = —Z{e'“”}+§Z{6_'°’”}

iw+ —iw
Z— € Z— €

2z — (¥ + e7¥)
22 _ (eiw + efiw)z + 1
22 — ZCOSW

N | W

DO |

22 —2zcosw +1

(Note the similarity of the algebra here to that arising in the corresponding hyperbolic case. Note
also the similarity of the results for Z{cosh an} and Z{coswn}.)

By a similar procedure to that used above for Z{coswn} obtain Z{sinwn}.

Your solution

20 HELM (2008):
Workbook 21: z-Transforms



Answer
We have

1 , 1 .
Z{sinwn} = ZZ{BIM} — EZ{e*""“} (Don't miss the i factor here!)

Z{sinwn} = %( L1 )

z—ew z—ew

21\ 22 —2zcosw + 1

Zsin w

22 —2zcosw +1

Q Key Point 6

22 — zcosw

Z{coswn} = 22 —2zcosw+1

zsin w

Z{sinwn} =

22 —2zcosw+1

Notice the same denominator in the two results in Key Point 6.

Q Key Point 7

22 — zcosh

Z{coshan} = 22 —92zcosha+1

z sinh «v

Z{sinhan} =

22 —2zcosha +1

Again notice the denominators in Key Point 7. Compare these results with those for the two trigono-
metric sequences in Key Point 6.

HELM (2008): 21
Section 21.2: Basics of z-Transform Theory



Use Key Points 6 and 7 to write down the z-transforms of

(a) {sing} (b) {cos3n}  (c) {sinh2n}  (d) {coshn}

Your solution

Answer

e
(a) Z {sin E} = o (22
2 22 — 2z cos (5) +1

22 — zcos3

22 —2zcos3+1

(b) Z{cos3n} =

zsinh 2

Z{sinh 2 =
(c) {sinh 2n} 22 —2zcosh2 + 1

22 — zcosh 1

22 —2zcoshl+1

(d) Z{coshn} =

22 HELM (2008):
Workbook 21: z-Transforms



Use the results for Z{coswn} and Z{sinwn} in Key Point 6 to obtain the z-
transforms of

@) feostum} ) {sin ()} @ {eos(5)}

Write out the first few terms of each sequence.

Your solution

Answer
(a) Withw =7
Z{Cosmr} _ 22 — zcosT 22 + z A

22 —2zcosm+ 1 222—1—22—1—1 :z—l—l

{cosnm} ={1,-1,1,—-1,...} = {(-1)"}

We have re-derived the z-transform of the unit alternating sequence. (See Task on page 17).

(b) With w =

Z{Slan—ﬂ_}: ZSlIl(

b |

)+ 1 T 241
where {sin %} =4{0,1,0,—-1,0,...}

2

2 s
_ T nm 2% — cos () z
With w = & Z{ —}: 2) _
(c) With w 5 cos o o

where {cos %} ={1,0,-1,0,1,...}

(These three results can also be readily obtained from the definition of the z-transform. Try!)
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4. Further z-transform properties

We showed earlier that the results
Z{v, +w,} =V (2) + W(z) andsimilarly  Z{v, —w,} =V(z) — W(z)

follow from the linearity property.

You should be clear that there is no comparable result for the product of two sequences.
Z{v,w,} is not equal to V(z)IW(z)

For two specific products of sequences however we can derive useful results.

Multiplication of a sequence by a"

Suppose f, is an arbitrary sequence with z-transform F(z).
Consider the sequence {v,,} where

vp = a"f, ie {vo,v1,v9,...} = {fo,af1,a*f,.. .}

By the z-transform definition

Z{v,} = vo+uviz tduz 4.

— f() +a flz_l + a2f22_2 + ...

o0

= Za”fnz*”
n=0
S
But F(z) = ifnz_”
n=0

Thus we have shown that Z{a" f,,} = F (E)
a

% Key Point 8

2t =r (2

That is, multiplying a sequence {f,} by the sequence {a"} does not change the form of the z-

zZ .
transform F'(z). We merely replace z by — in that transform.
a
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For example, using Key Point 6 we have

2?2 — zcos 1

22 —2zcosl+1

So, replacing z by Z o 2z,

(3)
2{(3) cosn} = S el

Z{cosn} =

v, = e 2" sin 3n

Using Key Point 8, write down the z-transform of the sequence {v, } where

Your solution

Answer

We have, Z{sin3n} = 2sin3

22 —2zcos3+1

2

so with a = e~2 we replace z by z e*? to obtain

2 o3 3
Z{v,} = Z{e *"sin3n} = =

ze 2sin3

(z€2)? — 2ze?cos3 + 1

22 —2ze 2cos3 +e 4

HELM (2008):
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Using the property just discussed write down the z-transform of the sequence {w, }
where

w, = e “"coswn

Your solution

Answer

2’2 — ZCOSwW

We have, Z{coswn} =
22 —2zcosw + 1

So replacing z by ze® we obtain

(2€%)? — ze* cosw
(ze%)? — 2ze*cosw + 1

Z{w,} = Z{e *"coswn} =

22 — ze ®cosw

22 — 2ze~®cosw + e 2«

Q Key Point 9

22 — ze ®cosw

22 — 2ze ®cosw + e 2

ze sinw

Zie *"sinwn} =
{ } 22 — 2ze " cosw + e 2

Note the same denominator in each case.
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Multiplication of a sequence by n

An important sequence whose z-transform we have not yet obtained is the unit ramp sequence {r, }:

|0 n=-—1,-2-3,...
"Tin n=012,...

Figure 5
Figure 5 clearly suggests the nomenclature ‘ramp’.
We shall attempt to use the z-transform of {r,} from the definition:
Z{r,} =0+ 1271+ 2272 43273 + ..

This is not a geometric series but we can write
2427743270 = 21427 43272+
= z1'(1—-z17? 27 <1

where we have used the binomial theorem (HELM 16.3) .
Hence

EW}ZZW}::;?%I?
= CEE |z > 1

“ Key Point 10

The z-transform of the unit ramp sequence is

Z{r} = — = R(z) (s2)

Recall now that the unit step sequence has z-transform Z{u,} = o) = U(z) (say) which is
Z j—

the subject of the next Task.
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Obtain the derivative of U(z)= ( i 0
.

with respect to z.

Your solution

Answer
We have, using the quotient rule of differentiation:

dU  d 2 (z—1)1—(2)(1)
E‘E(z—J (z —1)2

(z—1)?

We also know that

R(z) = ﬁ = (=2) (-ﬁ) = —ZC;_Z

Also, if we compare the sequences

u, = {0,0,1,1,1,1,.. .}

1
ro ={0,0,0,1,2,3,...}
T
we see that r,, = n u,,
so from (3) and (4) we conclude that Z{n u,} = —z%

Now let us consider the problem more generally.

Let f,, be an arbitrary sequence with z-transform F'(z):

F(z)=fo+ fizl 4 foz 24 fsz 24 =) fuz "

28
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We differentiate both sides with respect to the variable z, doing this term-by-term on the right-hand
side. Thus

dF =
- = —flz’2—2fgz’3—3f3,z’4—...:Z(—n fnz
n=1

= 2 MNfiz Tt 2for P4 3fsx P ) =~ Zn fnz™"
n=1

But the bracketed term is the z-transform of the sequence

{n fn} = {07 f172f273f37 .- }
Thus if F(z) = Z{f,} we have shown that
dF dF

i —2Z{n f.} or Z{n f.} = —z—

We have already (equations (3) and (4) above) demonstrated this result for the case f,, = u,.

Q Key Point 11

If Z{f.} =F(z) then Z{n f,} =—2—

By differentiating the z-transform R(z) of the unit ramp sequence obtain the z-
transform of the causal sequence {n?}.

Your solution
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Answer
We have

Z{n} = —

(z —1)2

ov B d z
Z{n*} = Z{n.n} = —zo (W)
By the quotient rule
d( = \ _ E-1-@2)kE-1)
dz(@—lv) (-1
z—1-2z —-1—-=z

(z=17%  (2—1)

Multiplying by —z we obtain
+ 22 z2(1+ 2)
Z{n?} = = -
R R A CESVE

Clearly this process can be continued to obtain the transforms of {n®}, {n'},... etc.

5. Shifting properties of the z-transform

In this subsection we consider perhaps the most important properties of the z-transform. These
properties relate the z-transform Y'(z) of a sequence {y,} to the z-transforms of

(i) right shifted or delayed sequences {y, 1}{y, o} etc.
(ii) left shifted or advanced sequences {y,11}, {yni2} etc.

The results obtained, formally called shift theorems, are vital in enabling us to solve certain types of
difference equation and are also invaluable in the analysis of digital systems of various types.

Right shift theorems

Let {v,} = {yn_1} i.e. the terms of the sequence {v,} are the same as those of {y,} but shifted
one place to the right. The z-transforms are, by definition,

Y(z) = yo+yz  Fypr i tyz 4
V(z) = vo+viz ! +ugz 4oz 4.
= yoatyr Ly s 4
= ya+2(yo+yz e +.)

V(2) = Z{yn-1} = y-1 + 27V (2)
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Obtain the z-transform of the sequence {w,} = {y,—2} using the method illus-
trated above.

Your solution

Answer
The z-transform of {w, }is W(z) = wo + w1z~ +wez ™2 +wsz"2+ ... or, since w, = Yn_2,

W(z)=y_ot+y12  +yoz 2 4+yz > +...
=y oty 1z +2 (Yot 4+ )
e. W(2)=Z{yp 2} =y o+y 1271 +272Y(2)

Clearly, we could proceed in a similar way to obtains a general result for Z{y,,_,,} where m is any
positive integer. The result is

Z{yn—m} =Y-m + y—m—l—lzil +...+ y—lzim+1 + mey<z)
For the particular case of causal sequences (where y_; = y_5 = ... = 0) these results are particularly

simple:

Z{yn—1} = 2"'Y (2)

2
Z{yn—2} = 27Y (2) (causal systems only)

Z{yn—m} = Z_my(z)

You may recall from earlier in this Workbook that in a digital system we represented the right shift
operation symbolically in the following way:

{n} (Yoi}

{ynf2}
== 51 21 .

Figure 6

The significance of the 2! factor inside the rectangles should now be clearer. If we replace the
‘input’ and ‘output’ sequences by their z-transforms:

Ly} =Y(2)  Z{yn} =27'Y(2)
it is evident that in the z-transform ‘domain’ the shift becomes a multiplication by the factor z~!.

N.B. This discussion applies strictly only to causal sequences.
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Notational point:
A causal sequence is sometimes written as y,,u,, where w,, is the unit step sequence

] 0 n=-1,-2,...
=11 n=0,1,2...

The right shift theorem is then written, for a causal sequence,
Z{Yn—mUn—m} = 2" "Y(2)

Examples

Recall that the z-transform of the causal sequence {a"} is It follows, from the right shift

theorems that

(i) z{a" '} = 2{0,1,a,a?,...} = -
T

(i) Z{a"2} = 2{0,0,1,a,a2,.. .} = _

Write the following sequence f,, as a difference of two unit step sequences. Hence
obtain its z-transform.

Your solution
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Answer

' 1 n = 07 1, 2, ce
SInCe {un}_ { 0 n:—]_’—2,..'

1 n = 5’ 6, 7, P
and {u,_5} = { 0  otherwise
it follows that
o= Up — Up_s
2 282 z—zt

H F(z) = - -

ence (2) T-1 2_1 21

Left shift theorems

Recall that the sequences {y, 11}, {yni2} ... denote the sequences obtained by shifting the sequence
{y,} by 1,2, ... units to the left respectively. Thus, since Y (2) = Z{y,} = yo+ 112 ' +1y22 2 +...
then

ZYnt1} = wni+ Yot yzz T 4
= y+ 2z tyzz P+ )

The term in brackets is the z-transform of the unshifted sequence {y,,} apart from its first two terms:
thus

ZYnir} =+ 2(Y(2) —yo —nz™)

Z{Ynt1} = 2Y (2) — 2y0

Obtain the z-transform of the sequence {y,.2} using the method illustrated above.

Your solution
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Answer

Z{Ynia} = yotysz ' Huyz 4. ..
= Y+ 22(y32_3 + y4z_4 +...)
Yo+ 22 (Y(2) —yo — 127" — yaz7?)

Z{yni2} = 2°Y (2) — 2°yo — zin

These left shift theorems have simple forms in special cases:
if =0 Z{Yns1} = 2 Y(2)

if Yo=11=0  Z{yas2} =2°Y(2)

if Yo=y1=. Yn1=0  Z{ypim} = 2"Y(2)

Q Key Point 12

The right shift theorems or delay theorems are:

Z{yn—1} = y-1+2 Y (2)

Z{yn_Q} = Y_o+ y_lz_l + Z_QY(Z)

Z{yn—m} = Y-m + y—m-i-lz_l +...+ y—lz_m+1 + Z_mY(Z)
The left shift theorems or advance theorems are:

Z{yns1} = 2Y(2) — zyo
Z{yni2} = 2°Y(2) = 22yo — 20

Z{yn-m} = 2"Y(2) = 2"yo— 2"y — ... — 2Ym

Note carefully the occurrence of positive powers of z in the left shift theorems and of negative
powers of z in the right shift theorems.
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This table has been copied to the back of this Workbook (page 96) for convenience.
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Table 1: z-transforms

I F(z) Name
On 1 unit impulse
Onem z m
z )
Up, unit step sequence
z—1
n Z .
a geometric sequence
zZ—a
eOé’Vl Z
z — e
. zsinh o
sinh an 5
22 —2zcosha +1
22 — zcosh
cosh an 5
z2 —2zcosha+1
) zsinw
sin wn
22 —2zcosw +1
2
2% — zcosw
Ccos wn

22 —2zcosw +1

e " sinwn

ze “sinw

22 — 2ze~% cosw + e 2

e~ coswn

22 — ze ®cosw

22 — 2ze®cosw + e 2@

n ﬁ ramp sequence
Z J—
2 2(z+1)
(z—1)°
3 2(22+ 42+ 1)
n
(z—1)*
a" f F(2)
a
dF
n fn —zd—
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