Volumes of Revolution [143]

q Introduction

In this Section we show how the concept of integration as the limit of a sum, introduced in Section
14.1, can be used to find volumes of solids formed when curves are rotated around the x or y axis.

(e y )
q Prerequisites e be able to calculate definite integrals

QBefore starting this Section you should . .. e understand integration as the limit of a sum y

[ ™
% Learnlng Outcomes e calculate volumes of revolution

@n completion you should be able to ... )
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1. Volumes generated by rotating curves about the x-axis

Figure 8 shows a graph of the function y = 2z for x between 0 and 3.

0 3 z
Figure 8: A graph of the function y = 2z, for 0 <z <3

Imagine rotating the line y = 2x by one complete revolution (360° or 27 radians) around the z-axis.
The surface so formed is the surface of a cone as shown in Figure 9. Such a three-dimensional shape
is known as a solid of revolution. We now discuss how to obtain the volumes of such solids of
revolution.

Figure 9: When the line y = 2z is rotated around the axis, a solid is generated

Find the volume of the cone generated by rotating y = 2z, for 0 < x < 3, around
the z-axis, as shown in Figure 9.

In order to find the volume of this solid we assume that it is composed of lots of
thin circular discs all aligned perpendicular to the z-axis, such as that shown in
the diagram. From the diagram below we note that a typical disc has radius y,
which in this case equals 2x, and thickness dx.
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The cone is divided into a number of thin circular discs.

The volume of a circular disc is the circular area multiplied by the thickness.

Write down an expression for the volume of this typical disc:

Your solution

Answer

7(2z)%0z = dna?ox

To find the total volume we must sum the contributions from all discs and find the limit of this sum
as the number of discs tends to infinity and dz tends to zero. That is

This is the definition of a definite integral. Write down the corresponding integral:

Your solution

Answer

3
/ A’ dx
0

Find the required volume by performing the integration:

Your solution
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Answer

473 ]?
{”] — 367
3 0

A graph of the function y = 2% for z between 0 and 4 is shown in the diagram. The
graph is rotated around the x-axis to produce the solid shown. Find its volume.

H"

The solid of revolution is divided into a number of thin circular discs.

As in the previous Task, the solid is considered to be composed of lots of circular discs of radius y,
(which in this example is equal to z?), and thickness dz.

Write down the volume of each disc:

Your solution

Answer

m(2%)? 6z = Ttz

Write down the expression which represents summing the volumes of all such discs:

Your solution

Answer

r=4
E rxtx
=0

Write down the integral which results from taking the limit of the sum as dz — 0:
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Your solution

Answer

4
/ rxt dx
0

Perform the integration to find the volume of the solid:

Your solution

In general, suppose the graph of y(z) between x = a and x = b is rotated about
the z-axis, and the solid so formed is considered to be composed of lots of circular
discs of thickness dx.

Write down an expression for the radius of a typical disc:

Your solution

Answer

Y

Write down an expression for the volume of a typical disc:

Your solution

Answer

Ty?ox

The total volume is found by summing these individual volumes and taking the limit as dx tends to
zero:

Write down the definite integral which this sum defines:

Your solution

Answer

b
/ 7y dx
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If the graph of y(x), between x = a and = = b, is rotated about the z-axis the volume of the solid

b
/ 7y dx

formed is

Exercises

1. Find the volume of the solid formed when that part of the curve between y = 22 between
x =1 and x = 2 is rotated about the z-axis.

2. The parabola y? = 4z for 0 < x < 1, is rotated around the z-axis. Find the volume of the
solid formed.

Answers 1. 317/5, 2. 2.

2. Volumes generated by rotating curves about the y-axis

We can obtain a different solid of revolution by rotating a curve around the y-axis instead of around
the z-axis. See Figure 10.

Y

T

Figure 10: A solid generated by rotation around the y-axis

To find the volume of this solid it is divided into a number of circular discs as before, but this time
the discs are horizontal. The radius of a typical disc is = and its thickness is dy. The volume of the
disc will be T226y.

The total volume is found by summing these individual volumes and taking the limit as y — 0. If
the lower and upper limits on y are ¢ and d, we obtain for the volume:

y=d d
li 25 hich is the definite integral 24
6le_{10271'1‘ Yy which Is the definite Iintegra /C T ay
y=c
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Q Key Point 6

If the graph of y(z), between y = ¢ and y = d, is rotated about the y-axis the volume of the solid

d
/ w2 dy

formed is

Find the volume generated when the graph of y = 2% between z = 0 and z = 1
is rotated around the y-axis.

Using Key Point 6 write down the required integral:

Your solution

Answer

1
/ m? dy
0

This integral can be written entirely in terms of y, using the fact that y = 22 to eliminate 2. Do
this now, and then evaluate the integral:

Your solution

Answer

1 1 271
chdy:/ Wydy:[ﬂl _T
i matan= [ |7 -3

Exercises

1. The curve y = 22 for 1 < x < 2 is rotated about the y-axis. Find the volume of the solid
formed.

2. Theline y =2 —2x for 0 < x < 2 is rotated around the y-axis. Find the volume of revolution.

Answers
1
 or, 16T
2 3
26 HELM (2008):

Workbook 14: Applications of Integration 1



