Arithmetic of
Algebraic Fractions 1.4

ﬁb Introduction

Just as one whole number divided by another is called a numerical fraction, so one algebraic expression
divided by another is known as an algebraic fraction. Examples are
r  3r+2y 2>+ 3z +1

— and
y  x—y x—4

In this Section we explain how algebraic fractions can be simplified, added, subtracted, multiplied
and divided.

(o )
m P]_"el‘equiSiteS e be familiar with the arithmetic of numerical
fractions
\Before starting this Section you should ... )
a N
% Leal‘ning Outcomes e add, subtract, multiply and divide algebraic
o et hould be abl fractions
t to ...
\On completion you should be able to )
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1. Cancelling common factors

. .10 e : :
Consider the fraction 35 To simplify it we can factorise the numerator and the denominator and then

cancel any common factors. Common factors are those factors which occur in both the numerator

and the denominator. Thus
10 px2 2

35 Tx b T

Note that the common factor 5 has been cancelled. It is important to remember that only common

: 10 . . : :
factors can be cancelled. The fractions — and = have identical values - they are equivalent fractions

2. . .
- but = is in a simpler form than —.

We apply the same process when simplifying algebraic fractions.

Example 49
Simplify, if possible,
v ' z

(a) (b) (c)

zy’ r+y

2z’

Solution

x
common factor can be cancelled to give

, T
(c) In the expression
T

simplified.

(a) In the expression g— x is a factor common to both numerator and denominator. This

yA£_y
2 £ 2
1
(b) Note that ' can be written —. The common factor of z can be cancelled to give
ry ry
Lg 1
ry Yy

notice that an x appears in both numerator and denominator.

However x is not a common factor. Recall that factors of an expression are multi-
plied together whereas in the denominator z is added to y. This expression cannot be
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abc 3ab

Simplify, if ible, —, b
|mp|y.| [.)OS.SI e, (a) 30 ()b—i—a
When simplifying remember only common factors can be cancelled.

Your solution

abe 3ab

_— b e
(2) 3ac (b) b+a
Answer

b
(a) 3 (b) This cannot be simplified.

3

Your solution

Answer
Factorising and cancelling common factors gives:

21z T x3x fxa*  3a?
4o JIx2x £ 2

Your solution

Answer
Factorising and cancelling common factors gives:

36z 12x3xx 3

1203 12x o xa2 22
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Example 50
3r +6

6x +12°

Simplify

Solution

First we factorise the numerator and the denominator to see if there are any common factors.
3x+6  3(x+2) 3 1

6r+12 6(x+2) 6 2

The factors  + 2 and 3 have been cancelled.

Simplify w18

Your solution
12

2x+8:

Answer

, . 6 x 2 6
Factorise the numerator and denominator, and cancel any common factors. =

2 +4) z+4

Example 51
: : 3 3(z+4) :
Show that the algebraic fraction an are equivalent.
x+1 x?+bxr+4
Solution

The denominator, 2% + 5z + 4, can be factorised as (z + 1)(z + 4) so that

3(x+4)  3(x+4)
2+ 5r+4 (x4 1)(z+4)

Note that (x + 4) is a factor common to both the numerator and the denominator and can be
Thus 3 3(x+4)

cancelled to leave an
x+1 r+1 2+ 5 +4

are equivalent fractions.
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Show that is equivalent to

22 —3x+2 xr—2

First factorise the denominator:

Your solution

r?—3r+2=
Answer
(r—1)(x—2)

Now identify the factor common to both numerator and denominator and cancel this common factor:

Your solution

r—1 B
(x—1)(z—2)
Answer
5 Hence the two given fractions are equivalent.
x’ —
Example (52 ’ )
6(4 —8z)(x —2
Simplif
implify e
Solution

The factor 4 — 8z can be factorised to 4(1 — 2x). Thus

6(4 —8x)(x —2) _ (6)(4)(1 —2w)(x —2) _ 2z — 2)
1 -2z (1—2z)

2 +2x — 15
Simplify ————M—
Imply2x2—5:c—3

First factorise the numerator and factorise the denominator:

Your solution
2> 4+2x—-15
202 — 51 —3
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Answer
(x +5)(x — 3)
(2x 4+ 1)(x — 3)

Then cancel any common factors:

Your solution
(x 4+ 5)(x — 3) _
(2x 4+ 1)(x — 3)

Answer
T +5

2¢ + 1

1. Simplify, if possible,

@ O @

14 1 2
2. Simplify, if possible, (a) o7 (b) % (c) 5—2 (d) i)_S
5z 25z 5 5z
. Simplif — —_—
3 Slmply (a) > ! (b) 52 ! (C) 2522' (d) 2522
4. Simplify
Az 152 4s 21z%
i b) — s d
O O ©N @i
5. Simplify, if possible,
r+1 x+1 2(x+1) 3r+3
b) —— d
() 20+ 1)’ ()2x+2’ (<) r+1 (d) r+1"'
6. Simplify, if possible,
5x + 15 5r + 15 5x + 15 5r + 15
1 b 1 y d
@) 575 ® o5 O 53 () o571
224+ 10z +9 x2—9 202 —x—1
. Simplif _ b) —M —
7. Simplify (a) N — ():1:2+4;1:—21' (c)
32 —4r+1 522 — 20z
(d) 22—z (e) 22 — 8
6 2x 3x2
. Simplif —_— b) ——— —_—
8. Simplify (2) 375 ) fz 5, (O B 1022
| 22 +5x+6
9. Simplif _— b) —M—.
|mp|y(a)x2+5x+4, (b) 2 +x—6
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Answers

L@y By O @ ©F

2 (@5 )5 ©F @

3 (@5 (B)5 (955 (@

L@ 6 (@) (@)

5. @) 5 ()5 ©2 @3 ()r-3 ()5
0 W 0 0

O O e e O R ) R
8 (a)xi:a (b) 2x1+1 (<) 5(3x3+2)'

Wi w

2. Multiplication and division of algebraic fractions

To multiply together two fractions (numerical or algebraic) we multiply their numerators together
and then multiply their denominators together. That is

q Key Point 19

Multiplication of fractions
a C ac

b d " bd

Any factors common to both numerator and denominator can be cancelled. This cancellation can be
performed before or after the multiplication.

To divide one fraction by another (numerical or algebraic) we invert the second fraction and then

multiply.
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Division of fractions

d ad
x_:“—c b£0, ¢c£0, d#0

Example 253 A ) _—
a a c a
Simplif — X -, b) — x —, - =
Imply(a)cxc ()C><4 (C)c .
Solution
20 4 8a
@ Tx:=a
20 ¢ 2ac_2_a a

by == x - == —
O
(c) Division is performed by inverting the second fraction and then multiplying.

2 4 2a ¢ a _
SO E X =5 (from the result in (b))
Example 54

1 1
Simplify (a) £ X 3z, (b) ~ X

Solution
3 1 1 3 3 3
(a) Notethat3x:—x.Then—><3:c:—><—$:—x:_
1 5x Sz 1 5x 5
1 1
(b) x can be written as —. Then - x 2= — x © = © =1
1 x x 1 T

HELM (2008): 69

Section 1.4: Arithmetic of Algebraic Fractions



T 1 Yy
Simplify (a) ; xx, (b) ~ X

Your solution

Answer

(a)

X
8
I

(b)

SRS S N
X
8
Il

Example 55
2z

Y
3z

2y

Simplify

Solution

) ) 2 3x
We can write the fraction as — + —

y 2y
Inverting the second fraction and multiplying we find
2 2 4 4
2 oy _

y  3xr 3xzy 3
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Example 56
dr + 2 r+3

Simplif
Implyx2+4x—|—3 x Tr+5

Solution

Factorising the numerator and denominator we find

4z + 2 " r+3 22z +1) " r+3  2Q2r+1)(z+3)
2 +4x+3 " Tx+5  (r+1)(x+3) " Tz+5  (r+1)(z+3)(Tx +5)
2(2z + 1)

" (2 + 1)(Tz +5)

It is usually better to factorise first and cancel any common factors before multiplying. Don’t remove
any brackets unnecessarily otherwise common factors will be difficult to spot.

Simplify
3
3r—1 " 2x+1

Your solution

Answer
To divide we invert the second fraction and multiply:
Lo 3 15 " 20+1  (5)(3)(2x+1) 52z +1)
3r—1 " 22+1 3x—1 3 3Bx—-1)  3z-1
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Exercises

| Simplify(a)gxg, (b)%xg (c)%xz (d)§x§
 Simplify (a) g—; (b) 1—34—3 (©) 1—61—2 (d) %—?
. Simplify
@) 2x Y ) = x2@+y), ()= x (z+)
. Simplify
(@)3x 52 (B) zx 34, (7% (@4 (@D x T (g x ot
. Simplify %
. Simplify x—?—2 = 2xx+4
L 5 T
. Simplify 1 + ry—
Answers
5 14 9 16
1. (a) 6 (b) 9 (c) 59" (d) 3
10 8 3
2. (@) 5o (B) 14 () 370 (d) 5
3. (a) 2(I;y) (b) 2(rc;ry), () 2(I;ry)
@ o) T 9 @i @ (o
4Q
(g) Td?
6
> 75+ 3)
6. g
53z —1)
" z(2x + 1)
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3. Addition and subtraction of algebraic fractions

To add two algebraic fractions the lowest common denominator must be found first. This is the
simplest algebraic expression that has the given denominators as its factors. All fractions must be
written with this lowest common denominator. Their sum is found by adding the numerators and
dividing the result by the lowest common denominator.

To subtract two fractions the process is similar. The fractions are written with the lowest common
denominator. The difference is found by subtracting the numerators and dividing the result by the
lowest common denominator.

Example 57

State the simplest expression which has x + 1 and = + 4 as its factors.

Solution

The simplest expression is (x + 1)(z 4+ 4). Note that both x + 1 and = + 4 are factors.

Example 58

State the simplest expression which has x — 1 and (z — 1)? as its factors.

Solution

The simplest expression is (z — 1)%. Clearly (z — 1)? must be a factor of this expression. Also,
because we can write (z — 1)?> = (x — 1)(x — 1) it follows that  — 1 is a factor too.
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Example 59

: . 2
Express as a single fraction

+1 x+4

Solution

The simplest expression which has both denominators as its factors is (z + 1)(x + 4). This is the
lowest common denominator. Both fractions must be written using this denominator. Note that

. : 3(z+4) 2 : 2z +1) .

is equivalent to and is equivalent to . Thus writing
r+1 (x+1)(x+4) r+4 (x+1)(x+4)
both fractions with the same denominator we have

3 2 3(x +4) 2(x +1)

+ =
z+1 z+4 (z2+1)(z+4) (z+1)(z+4)
The sum is found by adding the numerators and dividing the result by the lowest common denomi-

nator.
3(x+4) 2w +1) 3z +4)+2x+1) Sr + 14

(x+D(x+4) (x+1)(z+4) (x+1)(x+4) (x+1)(x+4)

Key Point 21

Addition of two algebraic fractions
Step 1: Find the lowest common denominator

Step 2: Express each fraction with this denominator

Step 3: Add the numerators and divide the result by the lowest common denominator

Example1 60

Express + as a single fraction.
Press T —1 (x —1)2 8

Solution

The simplest expression having both denominators as its factors is (z —1)?. We write both fractions
with this denominator.

1 5 z—1 5 _3:—1—|—5_ T+ 4

=1 w—1p @1 T @oip @1 @=1p
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as a single fraction.

First find the lowest common denominator:

Your solution

Answer
(x+T7)(x+2)

Re-write both fractions using this lowest common denominator:

Your solution
3 5

x+7+$+2

Answer
3(z+2) 5(z+7)
(x+7)(z+2) (z4+7)(x+2)

Finally, add the numerators and simplify:

Your solution
3 5

x—|—7+x+2

Answer
8xr + 41

(x4 7)(x+2)

Example 61
or  3x —4 . :
Express — — as a single fraction.
7 2
Solution

In this example both denominators are simply numbers. The lowest common denominator is 14, and
both fractions are re-written with this denominator. Thus
S50 3r—4 100 T7(3rx—4) 10z-70B3x—-4) 28-1lx

7 2 14 14 14 14
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1 . :
Express — + — as a single fraction.
r Yy

Your solution

Answer
The simplest expression which has x and y as its factors is xy. This is the lowest common denom-
. . : ) . i ) 1 Y 1 x
inator. Both fractions are written using this denominator. Noting that — = — and that — = —
T xy Yy xy
we find
1 1
Ll _y = _y+a
r oy xy vy xy
No cancellation is now possible because neither x nor y is a factor of the numerator.
Exercises
r x 2r  «x 2 3z x 2 xr+1 3
1. Simplif —+—=, (b)) —+—, ———, (d — , :
mplity (3) 77 O 5 g ©OF5 -7 g% © 43
2x+1 = r+3 =z r
f — = - = h) — — —
=2 @573 Wi s
2. Find
1 2 2 5 2 3 r+1 x+4
b — d
Ot o tra Ve e Wigtos
r—1 r—1
e + .
(€) r—3 (x—3)?
5 4
3. Find + .
N o 13 (201 3)
1 11
4. Find =s + —
in 75 + 1
5. E A + b ingle fracti
. Express as a single fraction.
P 13 T x4 1 &
6 Express + B + ¢ as a single fractio
Xpr in raction.
P e v5 T a—1)  (x—1)7 8
7E + b ingle fracti
Xpress as a single fraction.
Press 1 w12 &
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Az + B

8 E
A e T

as a single fraction.

9 Express Ax + B + Jasa single fraction.

x +

10 Show that - is equal to T1Tats
1 1 To — T3

3r =z 3z

11 Find (a)z—g—Fg, (b)Z_<3+§)'

Answers
1 231 x z® —2 2® + 6z + 2
1. (a) 98" (b) 45 (c) 12’ (d) (z+1)(z+2) (©) z(z +2)
05 O O
3 +7 Tx+ 17 1
> O ey P ety © ey

222 4+ 10x + 14 2?2 —3r+2
(d) (&) o
(x4 3)(x+2) (x —3)

10z + 19

(2x + 3)?

3s+ 11
21

A(x+1)+ B2z + 3)
(2x +3)(z+ 1)

A(x — 1)+ B(x — 1)(22 + 5) + C (22 + 5)

o (20 +5)(z — 1)
Alx+1)+ B
7. — =
(x +1)2
8 (Az + B)(x — 1) + C(2* + = + 10)

(x —1)(2? + =+ 10)
(Az+ B)(z+1)+C
r+1

53x 13z
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