Properties of the
Fourier Transform 24.2

m Introduction

In this Section we shall learn about some useful properties of the Fourier transform which enable
us to calculate easily further transforms of functions and also in applications such as electronic
communication theory.

q PI' r 1 lt e be aware of the basic definitions of the
< equ S1tes Fourier transform and inverse Fourier
Before starting this Section you should . .. transform

e state and use the linearity property and the
time and frequency shift properties of Fourier

Q Learning Outcomes transforms

On completion you should be able to ... e state various other properties of the Fourier
transform
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1. Linearity properties of the Fourier transform
(i) If f(t), g(t) are functions with transforms F(w), G(w) respectively, then
o F{f(t) +9(1)} = F(w) + G(w)

i.e. if we add 2 functions then the Fourier transform of the resulting function is simply the sum of
the individual Fourier transforms.

(ii) If k& is any constant,
o F{RF(1)} = kF(w)

i.e. if we multiply a function by any constant then we must multiply the Fourier transform by the
same constant. These properties follow from the definition of the Fourier transform and from the
properties of integrals.

Examples

1.

F{2e tu(t) +3eut)} = F{2e'u(t)} + F{3e *u(t)}

= 2F{e'u(t)} + 3F{e *u(t)}

_ 23
14w 24w
2.
4 —3<t<3
If ft) = { 0 otherwise
then 1) = 4ps(t)
so Flw) = 4P(w) = §sin?w
w

—2<t<
0 2sis2 write down F'(w).

0 otherwise
Your solution
Answer
12
We have f(t) = 6ps(t) so F(w) = — sin 2w.
w
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2. Shift properties of the Fourier transform
There are two basic shift properties of the Fourier transform:

(i) Time shift property: o F{f(t—ty)} =e “oF(w)

(i) Frequency shift property o F{e“o!f(t)} = F(w — wp).

Here tg, wy are constants.

In words, shifting (or translating) a function in one domain corresponds to a multiplication by a
complex exponential function in the other domain.

We omit the proofs of these properties which follow from the definition of the Fourier transform.

Example 2

Use the time-shifting property to find the Fourier transform of the function

1 3<t<5
g@%={0 I

otherwise
Ag(t)
1 ____________
>
3 5) t
Figure 4

Solution

g(t) is a pulse of width 2 and can be obtained by shifting the symmetrical rectangular pulse

{1 —-1<t<1

n(t) = 0 otherwise

by 4 units to the right.

Hence by putting tg = 4 in the time shift theorem

Gw)=F{gt)} = e_4i“’% sinw.
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Verify the result of Example 2 by direct integration.

Your solution

Answer

5

—Ilw 3 —Ilw

as obtained using the time-shift property.

G(w) _ /5 16_iwtdt _ |:6th:| M _ 6_4iw (eiw _ 6iw> _ 6_4@28111@:)
3 —

Use the frequency shift property to obtain the Fourier transform of the
modulated wave

g(t) = f(t) coswpt

where f(t) is an arbitrary signal whose Fourier transform is F'(w).

First rewrite g(t) in terms of complex exponentials:

Your solution

Answer

o(t) = 50) (TEE) = L+ e
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Now use the linearity property and the frequency shift property on each term to obtain G(w):

Your solution

Answer
We have, by linearity:

1 , 1 .
Fla(t)} = 3F 0"} + 5 F{ (e )
and by the frequency shift property:
1

G(w) = §F(w —wp) + %F(w + wp).

AF (w) RE®)

1

3. Inversion of the Fourier transform

Formal inversion of the Fourier transform, i.e. finding f(¢) for a given F(w), is sometimes possible
using the inversion integral (4). However, in elementary cases, we can use a Table of standard Fourier
transforms together, if necessary, with the appropriate properties of the Fourier transform.

The following Examples and Tasks involve such inversion.
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Example 3

sin bw

Find the inverse Fourier transform of F'(w) = 20 E
w

Solution

The appearance of the sine function implies that f(t) is a symmetric rectangular pulse.

We know the standard form F{p.(t)} = P e smwa} = pa(t).
wa

or F{2a
wa

sin bw

Puttinga =5 F {10 } = ps(t). Thus, by the linearity property

Hw

sin Hw
} = 2ps(t)

Bw

f(t)=F {20

Figure 4

Example 4

sin bw

Find the inverse Fourier transform of G(w) = 20 exp (—3iw).

Solution
The occurrence of the complex exponential factor in the Fourier transform suggests the time-shift
property with the time shift ¢y = +3 (i.e. a right shift).
From Example 3
inb inb -
FR072 = ops(t) so g(t) = FHR0——e ) = 2ps(t - 3)
ag(t)
2
~1
-2 8
Figure 5
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Find the inverse Fourier transform of

9 '
H(w) = G = i

w

Firstly ignore the exponential factor and find the inverse Fourier transform of the remaining terms:

Your solution

Answer

sin wa
We use the result: F~{2a

} = pa(t)

wa
sin 2w

Putting a =2 gives F {2 } = pa(t)

w

FHe6

sin 2w

} = 3pa(t)

Now take account of the exponential factor:

Your solution

Answer
Using the time-shift theorem for ¢y = 4

sin 2w

h(t) = ]—“‘1{67@‘4“’} = 3po(t —4)

Ah(t)

3

20
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Example 5

Find the inverse Fourier transform of

2
SR ]

Solution

The presence of the term (w — 1) instead of w suggests the frequency shift property.
Hence, we consider first
- 2
K(w) = —.
14 2iw

The relevant standard form is
1

f —at t — —1 _ —at t
{e™u®)} o+ iw o {()é+iw} e u(t)
. 1 ~ 1
Hence, writing K (w) = +—— k(t) = e 2'u(t)
5 T lw
2 .
Then, by the frequency shift property with wy =1 k(t) = F}{ T 1)i} = e 2"y

Here k(t) is a complex time-domain signal.

Find the inverse Fourier transforms of

~sin{3(w —2m)} e
(a) L(w)=2 @ —27)

Your solution
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Answer
(a) Using the frequency shift property with wy = 27

1(t) = FH{L(w)} = pa(t)e™™
(b) Using the time shift property with ¢y = —1
m(t) = eyt +1)

>t

4. Further properties of the Fourier transform

We state these properties without proof. As usual F'(w) denotes the Fourier transform of f(t).

(a) Time differentiation property:

F{f(1)} = iwF(w)

(Differentiating a function is said to amplify the higher frequency components because of
the additional multiplying factor w.)

(b) Frequency differentiation property:

dF

Flifmy =i o F{(-inf0) =

Note the symmetry between properties (a) and (b).
(c) Duality property:
If F{f(t)} = F(w) then F{F(t)}=2nf(—w).
Informally, the duality property states that we can, apart from the 27 factor, interchange the time

and frequency domains provided we put —w rather than w in the second term, this corresponding to
a reflection in the vertical axis. If f(¢) is even this latter is irrelevant.

For example, we know that if f(t) = pi(t) = { (1) _o%ch<er\t/v§e1 , then F(w)= ey
w
sint

Then, by the duality property, since p;(w) is even, f{QT} = 27p1(—w) = 27mpy (w).
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Graphically:

Api(t) A P(w)
1
4 >
-1 1 Tt Tw
A Pi(t) A27Tp1(w)
27
> Fooy
g 1 1 W
Figure 6
Recalling the Fourier transform pair
e >0 4
f(t)—{e% F<0 F(W)—m,
obtain the Fourier transforms of
1 1
t) = b) h(t) = 2t.
O B LUttt
(a) Use the linearity and duality properties:
Your solution
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Answer

4 1 1
We have F{f(t)} = F{e 2} = i }—{16_2‘“} =i (by linearity)
1 1 T
— e 2wl D2l itv).
.7’-"{4 n t2} € 5¢ G(w) (by duality)
Af(t) F(w)
1
> >
Ag(t) AG(w)
3
1
1
/\ Vg F >
>t > W
(b) Use the modulation property based on the frequency shift property:
Your solution
Answer
We have h(t) = g(t) cos 2t. F{g(t) coswot} = 3(G(w — wp) + G(w + wy)),
so with wo = 2 F{h(t)} = % {e7272 4 o722} = F ()
AH(w)
) 9 >w
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Exercises

1. Using the superposition and time delay theorems and the known result for the transform of the
rectangular pulse p(t), obtain the Fourier transforms of each of the signals shown.

xa(t)“ xb(t)u
(a) R B (b) 1h---.
J t
2 1 0 1 ) = -2 -1 0 1 2 g
---{-1
xc(t)“ :L’d(t)“
2 ob--_
(© ol @
J t
-2 -1 0 1 2 g 1 2 3 g

2. Obtain the Fourier transform of the signal
f(t) = e tu(t) + e u(t)
where u(t) denotes the unit step function.
3. Use the time-shift property to obtain the Fourier transform of

1 1<t<3

ft) =

0 otherwise

Verify your result using the definition of the Fourier transform.

4. Find the inverse Fourier transforms of

(a) F(w) = 2081“5(—3%—3@
(b) F(w) = gsiniﬁw e
() Flw) = 1o

5. If f(¢) is a signal with transform F'(w) obtain the Fourier transform of f(t) cos(wyt) cos(wot).
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Answer

1 X, (w) = - sin(=) COS(T)
Xp(w) = _74| sin(=) sm(%})

X (w) = %[sin(Zw) + sin(w)]

2 3 .
Xg(w) = - (sin(g) + sin(%) e~ 3w/2
34 2i
2. Flw) = 2_:};% (using the superposition property)
3. F(w) = 220 Y e
w
2 —2<t<8
4 (a) f(t) = {0 otherwise
4 —4<t<?2
(b) f(t) = {0 otherwise
ettt < —1
(c) £() = { 0  otherwise

51
S 2

F(w)+ i [F(w+ 2wg) + F(w — 2wp)]

26
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