First Order
Differential Equations 19.2

q Introduction

Separation of variables is a technique commonly used to solve first order ordinary differential
equations. It is so-called because we rearrange the equation to be solved such that all terms involving
the dependent variable appear on one side of the equation, and all terms involving the independent
variable appear on the other. Integration completes the solution. Not all first order equations can be
rearranged in this way so this technique is not always appropriate. Further, it is not always possible
to perform the integration even if the variables are separable.

In this Section you will learn how to decide whether the method is appropriate, and how to apply it
in such cases.

An exact first order differential equation is one which can be solved by simply integrating both sides.
Only very few first order differential equations are exact. You will learn how to recognise these and
solve them. Some others may be converted simply to exact equations and that is also considered

Whilst exact differential equations are few and far between an important class of differential equations
can be converted into exact equations by multiplying through by a function known as the integrating
factor for the equation. In the last part of this Section you will learn how to decide whether an
equation is capable of being transformed into an exact equation, how to determine the integrating
factor, and how to obtain the solution of the original equation.

\

% Prerequisites e understand what is meant by a differential
equation; (Section 19.1)

Before starting this Section you should ... W,

f e explain what is meant by separating the \

variables of a first order differential equation

Q Learning Outcomes o determine whether a first order differential

equation is separable
On completion you should be able to ...

e solve a variety of equations using the

k separation of variables technique J
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1. Separating the variables in first order ODEs

In this Section we consider differential equations which can be written in the form

Y~ @)

Note that the right-hand side is a product of a function of x, and a function of y. Examples of such
equations are
dy _ o5 3 dy dy

=Y %:yQSinx and %:ylnx

Not all first order equations can be written in this form. For example, it is not possible to rewrite
the equation

Yy
in the form

dy

2 = (@)

dy
2 = F @)
If possible, rewrite each equation in this form.
dy _ 2 dy 5 5o dy
T b) & — 4a? 42 Yy 3=
(a)dx S ()dx xr* 4 2y°, (c)ydx—l—?)x 7
Your solution
Answer
(a) dy 2 (2 (b) cannot be written in the stated fo
—= = — nn written in rm
d'r y2 1 1
. dy Lo .
(c) Reformulating gives p (7 — 3x) x — which is in the required form.
€z )
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The variables involved in differential equations need not be x and y. Any symbols for variables may
be used. Other first order differential equations are

dz = te* d9 = —0 and dv v (i)

dat dt ar \?
Given a differential equation in the form
dy

Ir = f(z)g(y)

we can divide through by ¢g(y) to obtain
1 dy

——— = f(z)

9(y) dx
If we now integrate both sides of this equation with respect to = we obtain

R

that is

/ﬁdy:/f(x)dx

We have separated the variables because the left-hand side contains only the variable ¥, and the
right-hand side contains only the variable . We can now try to integrate each side separately. If
we can actually perform the required integrations we will obtain a relationship between y and z.
Examples of this process are given in the next subsection.

% Key Point 1

Method of Separation of Variables
The solution of the equation
dy

@:

f(x)g(y)

may be found from separating the variables and integrating:

/ﬁdy:/f(x)dx
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2. Applying the method of separation of variables to ODEs

Example 3

Use the method of separation of variables to solve the differential equation
dy  3a?
de vy

Solution

The equation already has the form

W~ )

where
flx)=32" and  g(y) =1/y.
Dividing both sides by g(y) we find

dy
Yir =
Integrating both sides with respect to x gives

/y@dx:/?)fdx
dz

that is

/ydy:/?)xde

Note that the left-hand side is an integral involving just y; the right-hand side is an integral involving
just x. After integrating both sides with respect to the stated variables we find

322

%yz =2’ +c
where ¢ is a constant of integration. (You might think that there would be a constant on the

left-hand side too. You are quite right but the two constants can be combined into a single constant
and so we need only write one.)

We now have a relationship between y and z as required. Often it is sufficient to leave your answer
in this form but you may also be required to obtain an explicit relation for y in terms of z. In this
particular case

y? = 22° + 2¢
so that
y=+V2u3+ 2
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Use the method of separation of variables to solve the differential equation

dy  cosx

dr  sin2y

. : : : d : :
First separate the variables so that terms involving v and d—y appear on the left, and terms involving
X
x appear on the right:

Your solution

Answer
You should have obtained

sin 2y d_y =coszx
T

Now reformulate both sides as integrals:

Your solution

Answer

d
/Sin2yd—ydx:/cosxdx that is /sin2ydy:/cosxd:c
x

Now integrate both sides:

Your solution

Answer

1

—5C082y =sinx + ¢

Finally, rearrange to obtain an expression for y in terms of x:

Your solution

Answer

y = 1cos™ (D — 2sinx) where D = —2¢
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Exercises

1. Solve the equation

dy e™*
dr  y
2. Solve the following equation subject to the condition y(0) = 1:

dy _

s 3z%e
3. Find the general solution of the following equations:
dy dy 6sinx
— =3, b) = =
(@) o (b) = )
4. (a) Find the general solution of the equation
dx
— =t(r —2).

(b) Find the particular solution which satisfies the condition x(0) = 5.

5. Some equations which do not appear to be separable can be made so by means of a suitable
substitution. By means of the substitution z = y/z solve the equation

dy vy
7 4+ 7
dx £L'2+$+

6. The equation

di
R+L— =F
10+ 7

where R, L and E are constants arises in electrical circuit theory. This equation can be
solved by separation of variables. Find the solution which satisfies the condition i(0) = 0.

Answers

1. y=4vVD -2,

2. y=1In(z° +e).

3(@)y=3z+0C, (b) 2y* = C — 6 cos .
4. (a) z =2+ Ae’/?, (b) z =2+ 3¢°/2,
5. z =tan(ln Dz) so that y = xtan(In Dx).

6. i=—(1—e*/7) where 7 = L/R.
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3. Exact equations

Consider the differential equation

dy _
dr

By direct integration we find that the general solution of this equation is

32

y=2>+C

where C'is, as usual, an arbitrary constant of integration.
Next, consider the differential equation

d

— = 327,

o (ya) =3z

Again, by direct integration we find that the general solution is
yr =23 + C.

We now divide this equation by x to obtain
C
Y= 4+ —.
x

d . .
The differential equation — (yx) = 322 is called an exact equation. It can effectively be solved by
x

integrating both sides.

Your solution
(@) y= (b) y=

Answer

C
(@y=2"+C (b) 2’y = 2"+ C sothaty = 2° + —.
T

If we consider examples of this kind in a more general setting we obtain the following Key Point:
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The solution of the equation

Q Key Point 2
d

—(f(x) - y) = g()

4. Solving exact equations

d
As we have seen, the differential equation d—(yx) = 322 has solution y = 22+ C/x. In the solution,
X

22 is called the definite part and C'/z is called the indefinite part (containing the arbitrary constant
of integration). If we take the definite part of this solution, i.e. yq4 = z?, then

d d d

%(yd ‘) = E(JCQ ‘) = %(1’3) = 31%.

Hence yq = 2% is a solution of the differential equation.
Now if we take the indefinite part of the solution i.e. y; = C'/x then

%(yi.x):%<%x) :%(0):0.

It is always the case that the general solution of an exact equation is in two parts: a definite part
ya(z) which is a solution of the differential equation and an indefinite part ;(x) which satisfies a
simpler version of the differential equation in which the right-hand side is zero.

(a) Solve the equation

%(y COST) = COST

(b) Verify that the indefinite part of the solution satisfies the equation

d
%(y cosz) = 0.

(a) Integrate both sides of the first differential equation:

Your solution
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Answer

ycosx—/cosxdx—sinx—i—C leading to y=tanx + Csecx

(b) Substitute for y in the indefinite part (i.e. the part which contains the arbitrary constant) in the
second differential equation:

Your solution

Answer

The indefinite part of the solution is y; = C'secz and so y;cosx = C and
d d
%(yi cosx) = %(C) =0

5. Recognising an exact equation

d
The equation d—(y:zc) = 32? is exact, as we have seen. If we expand the left-hand side of this
x

equation (i.e. differentiate the product) we obtain

dy
xdx 4
Hence the equation
d
A +y = 3a?
dx

must be exact, but it is not so obvious that it is exact as in the original form. This leads to the
following Key Point:

Q Key Point 3

1@ 4y @) = gla)

The equation

is exact. It can be re-written as

%@ f@@)=g(x) sothat y [f(z)= / 9lw) d
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Example 4

Solve the equation

d
xs—y + 3%y ==z
dx

Solution

Comparing this equation with the form in Key Point 3 we see that f(x) = 2 and g(z) = z. Hence
the equation can be written

d
%(Wg) =1z

which has solution

3 _ _ 1.2
yx —/xda:—§a: +C.

Therefore

Solve the equation sin x d—y + Y COST = COS .
x

Your solution

Answer
You should obtain y = 1 + C'cosec z since, here f(z) =sinz and g(z) = cosx. Then

d
d—(ysinx):cosx and ysinx:/cosx dr =sinx + C
x

Finally y = 1 + C cosec .
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Exercises

d
1. Solve the equation d—(ny) =2°.
T

N

d
. Solve the equation d—(yex) = e** given the condition y(0) = 2.
T

_ d
3. Solve the equation e2xd—y + 2e*y = 22
X

3

d
4. Show that the equation :ch—y + 2xy = x” is exact and obtain its solution.
x

3

d
5. Show that the equation :(:Qd—y + 3zy = 2” Is not exact.

x
Multiply the equation by x and show that the resulting equation is exact and obtain its solution.

Answers
a?  C loz | 3.-x 1.3 —2z 1, C
1, C

6. The integrating factor

The equation

d
xz—y—i-Bx y=2a°
dx

is not exact. However, if we multiply it by x we obtain the equation

5 dy

-2 4+ 322y =zt
T I +ox°y =2
This can be re-written as
d, 3 4

which is an exact equation with solution

2y = /x4d3:

1
50 m3y:gm5+0
and hence
1,

The function by which we multiplied the given differential equation in order to make it exact is called
an integrating factor. In this example the integrating factor is simply z.
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Which of the following differential equations can be made exact by multiplying by

dy dy 9 1 dy 1
Z4+Zy=4 (b)z 2 +3y= e A
()Clider yl (b) o~ +3y =2 (©) o — Y
Y
d) = 22 4+~ =
(d) 5 T ¥

Your solution

Answer

dy d
(a) Yes. x o + 22y = 4x° becomes o (x%y) = 4a”.

dy d
Yes. 23—= 4 32%y = ' —(2%y) = 2.
(b) Yes. x dx—l—Bxy x* becomes dx(x y) ==z

. . : : . d (1
(c) No. This equation is already exact as it can be written in the form — (— y) =ux.
T\ T

dy _ 9.2 d _ 9.2
(d) Yes. T + y = 32 becomes %(a:y) = 3z°.

7. Finding the integrating factor for linear ODEs

The differential equation governing the current ¢ in a circuit with inductance L and resistance R in
series subject to a constant applied electromotive force E coswt, where F and w are constants, is
di

La—FRizEcoswt (1)

This is an example of a linear differential equation in which 7 is the dependent variable and ¢ is
the independent variable. The general standard form of a linear first order differential equation is
normally written with ‘y’ as the dependent variable and with ‘x' as the independent variable and

. dy . ..
arranged so that the coefficient of d—y is 1. That is, it takes the form:
x

Y s Fa) v =ol) )

in which f(z) and g(z) are functions of .
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Comparing (1) and (2), «x is replaced by ¢t and y by i to produce % + f(t) i = g(t). The function

f(t) is the coefficient of the dependent variable in the differential equation. We shall describe the
method of finding the integrating factor for (1) and then generalise it to a linear differential equation
written in standard form.

Step 1  Write the differential equation in standard form i.e. with the coefficient of the derivative

equal to 1. Here we need to divide through by L:
di n R y
ot pi= 7 coswt.

Step 2 Integrate the coefficient of the dependent variable (that is, f(¢) = R/L) with respect to
the independent variable (that is, ¢), and ignoring the constant of integration

R R
—dt = —t.
/L L

Step 3  Take the exponential of the function obtained in Step 2.
This is the integrating factor (I.F.)

LF. = e/t

This leads to the following Key Point on integrating factors:

m Key Point 4

The linear differential equation (written in standard form):

— + f(x)y = g(x) has an integrating factor I.LF. = exp [/ f(x)dx]
T

Find the integrating factors for the equations

d d
(a) é +2ry=xe* (b)t d_z +2ti=te™ (c) = — (tanz)y =1.

Your solution
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Answer

a) Step 1 Divide by z to obtain @ 4oy =e
(a) Step y y y
T

Step 2 The coefficient of the independent variable is 2 hence /2 dr = 2x
Step 3 |.F. =e*

(b) The only difference from (a) is that 7 replaces y and ¢ replaces x. Hence |.F. = e*’.

(c) Step 1 This is already in the standard form.

Step 2 /—tanx dx:/—smm dxr = Incosz.

COS T

Step 3 |.F. =es% —cosx

8. Solving equations via the integrating factor

Having found the integrating factor for a linear equation we now proceed to solve the equation.
Returning to the differential equation, written in standard form:

di R

— + —1 = —coswt

dt L L
for which the integrating factor is
oRt/L
we multiply the equation by the integrating factor to obtain

eRt/Lﬂ R Rt/L . E Rt/L

dt+fe z:fe COs wt
At this stage the left-hand side of this equation can always be simplified as follows:
d E
ﬁ(eRt/L i) = 7 eft'/ cos wt.

Now this is in the form of an exact differential equation and so we can integrate both sides to obtain
the solution:

E
el — 7 /eRt/L coswt dt.

All that remains is to complete the integral on the right-hand side. Using the method of integration
by parts we find

/eRt/L coswt dt = [wL sinwt + R coswt] ef/F

L2w? + R?
Hence
Rt/L , __ E L si R Rt/L C
e =i [wLsinwt + Rcoswt] e/~ + C.
Finally
; E . —Rt/L
Z:m[wL31nwt+Rcoswt]+Ce .
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is the solution to the original differential equation (1). Note that, as we should expect for the solution
to a first order differential equation, it contains a single arbitrary constant C'.

Using the integrating factors found earlier in the Task on pages 22-23, find the
general solutions to the differential equations

d d d
(a) 22 Y 42y = 2% (b) 2 S 4 2% = 122 (c) d—y

— =1.
dx dt €T (tan )y

Your solution

Answer

d
(a) The standard form is d_y + 2y = e % for which the integrating factor is e?*.
x

d
e o2y =
dx
d
ie. . (e*y) =1 so that ey=x+C
x
leading to y = (z+0)e

(b) The general solution is i = (t+C')e~* as this problem is the same as (a) with different variables.

(c) The equation is in standard form and the integrating factor is cos .

d
then d—(cosx Yy) = Cosx so that cosT Yy = /COSIL‘CZ[E =sinzx 4+ C
x

giving y = tanx + Csecx
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Engineering Example 1

An RC circuit with a single frequency input

Introduction

The components in RC circuits containing resistance, inductance and capacitance can be chosen
so that the circuit filters out certain frequencies from the input. A particular kind of filter circuit
consists of a resistor and capacitor in series and acts as a high cut (or low pass) filter. The high cut
frequency is defined to be the frequency at which the magnitude of the voltage across the capacitor
(the output voltage) is 1/1/2 of the magnitude of the input voltage.

Problem in words

Calculate the high cut frequency for an RC circuit is subjected to a single frequency input of angular
frequency w and magnitude v;.

(a) Find the steady state solution of the equation
dg q _ ot
R% -+ 6 = ;€
and hence find the magnitude of

(i) the voltage across the capacitor v, = %

. : d
(i) the voltage across the resistor vp = R d—(i

(b) Using the impedance method of HELM 12.6 confirm your results to part (a) by calculating
(i) the voltage across the capacitor v,

(i) the voltage across the resistor vy in response to a single frequency of angular frequency w and
magnitude v;.

(c) For the case where R =1 kQ and C' = 1 uF, find the ratio Jve] and complete the table below

|vi
w 10 102 103 10* 10° 106
|UC|
|vi

(d) Explain why the table results show that a RC circuit acts as a high-cut filter and find the value

. c 1
of the high-cut frequency, defined as fj,. = wp./27, such that Ve = —.

ol V2
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Mathematical statement of the problem

We need to find a particular solution to the differential equation R % + % = p;edvt,

This will give us the steady state solution for the charge ¢. Using this we can find v, = % and
vp =R % These should give the same result as the values calculated by considering the impedances
in the circuit. Finally we can calculate ‘|ZC" and fill in the table of values as required and find the
high-cut frequency from [vel 1 and fe = wpe/2m.

|vi] \/5

Mathematical solution

(a) To find a particular solution, we try a function of the form ¢ = coe’“* which means that
dq

5= jwegedt )
Substituting into.}f d—z + % = v;e?“! we get
. . cp€el?” . . Co
R Jwt - = Jwt = R — =y
JweCoe’" + e v;e Jwcey + e v
N V; C’UZ‘ C?Ji jwt
Ch = _= = -
" Rjw+L RCjw+1 1= RCjw+1
Thus
: q v; jwt N dq RCvjw .,
= = = ———— and =—==—¢€
(i) v C RCjw+1 ‘ (i) vr dt RCjw+1

(b) We use the impedance to determine the voltage across each of the elements. The applied voltage
is a single frequency of angular frequency w and magnitude v; such that V = v;e/*".

For an RC circuit, the impedance of the circuit is Z = Zr + Z. where Z, is the impedance of the

resistor R and Z, is the impedance of the capacitor Z, = )

wC

J
Therefore Z = R — —.
erefore e
The current can be found using v = Zi giving
velvt = ) i = 0= vie™”"
T wC  R-— L

wC
We can now use v, = z.t and vgp = 2Rt giving

C wC  R— RCjw+1

Ruv; . RCv;jw
eJwt —

R—% - ROjw+1

Jwt

(II) VR =

which confirms the result in part (a) found by solving the differential equation.

(c) When R =1000 Q and C' = 107%F
v; : v;
— L Jwt 4
‘T RCjw+1° T 10%jw+1

v Jwt
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SO ”UC‘ — 1 |€jwt| — 1 — 1
o]~ [1073jw + 1 103w + 1| V10602 + 1

Table 1: Values of E for a range of values of w
w 10 102 | 10° 107 105 10°
||ZC|| 0.99995 | 0.995 | 0.707 | 0.00995 | 0.0099995 | 0.001
(d) Table 1 shows that a RC circuit can be used as a high-cut filter because for low values of w, ‘|UC|‘
Vi

|UC|
|vi]

is approximately 1 and for high values of w, is approximately 0. So the circuit will filter out high

frequency values.
|ve| 1 1

1
= when ———== —
vl V2 VIO Sw?+1 V2
As we are considering w to be a positive frequency, w = 1000.

whe 1000
= _—— =~ 159 Hz.
21 2T o9 Hz

& 10% 2 +1=210% %=1 w?=10°

So fhc =

Interpretation

We have shown that for an RC circuit finding the steady state solution of the differential equation

and M as found by working
|vil il

V|

with a single frequency input voltage yields the same result for
with the complex impedances for the circuit.

An RC circuit can be used as a high-cut filter and in the case where R =1 kQ2,C' =1 pF we found
the high-cut frequency to be at approximately 159 Hz.

This means that the circuit will pass frequencies less than this value and remove frequencies greater
than this value.
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Exercises

d
1. Solve the equation :L*Qd—y +zy=1.
x

d

2. Find the solution of the equation xd—y — y = x subject to the condition y(1) = 2.
x
d

3. Find the general solution of the equation d—‘z + (tant) y = cost.

d
4. Solve the equation d—zi + (cott) y = sint.

5. The temperature 6 (measured in degrees) of a body immersed in an atmosphere of varying
temperature is given by o + 0.10 = 5 — 2.5¢. Find the temperature at time ¢ if § = 60°C
when ¢t = 0.

6. In an LR circuit with applied voltage E = 10(1 — e %1%) the current i is given by

di

La + Ri = 10(1 — e ).

If the initial current is i( find ¢ subsequently.

Answers

1
1. y:—lnx—l—g

x x
2.y=xlnx+ 2z
3. y=(t+C)cost
4 y=(3t—1sin2t+ C)cosect
5. 6 = 300 — 25t — 240e~0-1

10 100 o, | 10L ~Rt/L
1= (10R—L)e * {ZO+R(1OR—L) ¢
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