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Abstract

We show that the Likelihood Ratio (LR) statistic for testing the value of the coef-
ficient § in a linear instrumental variables model with a single endogenous variable
is identical to the g (B 1)? statistic as proposed by Mills, Moreira, and Vilela (2014),
where B 1, is the LIML estimator. This implies the equivalence of their conditional
versions that are robust to weak instruments. From this result, properties of the
power of the Conditional LR (C'LR) test can be understood; in particular the asym-
metric nature of the power curve as a function of the true value of 8 when testing
Hy: B = fy for fixed By, when the instruments are weak and the variance matrix
of the structural and first-stage errors is held constant. Power curves of the CLR
and related tests have often been presented for a design where instead the variance
matrix of the reduced-form and first-stage errors has been held constant. This latter
design changes the endogeneity features at each value of 5 and results in a power
curve that is close to the points with maximum power in the design with fixed vari-
ance of the structural and first-stage errors. As the results for the design with fixed
variance of the structural and first-stage errors are informative for the behaviour of
the test-based confidence intervals, it seems more natural to consider this design.
We find that LIML- and Fuller-based conditional Wald and conditional tO(BFu”)2
tests, which are not unbiased tests, are more powerful than the C'LR test when the
degree of endogeneity is low to moderate.
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1 Introduction

For the linear instrumental variables (IV) model with one endogenous explanatory vari-
able, y; = x; + u;, the conditional Likelihood Ratio (C'LR) test of Moreira (2003) and
related tests, like the AR (Anderson and Rubin, 1949), LM, and conditional Wald (CW)
tests are tests for the hypothesis Hy: 5 = 3. They are robust to weak instruments in the
sense that they have correct size when instruments are weak, with CLR, AR, and LM
unbiased, similar tests, whereas the C'W tests are not unbiased.

For the evaluation of the power of these tests, two different designs have been used in
the literature. Let the first-stage model be given by x; = z/m + v;. Then one design keeps

the variance of the structural and first-stage errors,

S =Var ((w;v;)) = [ & 0"; ] )
Ow O

fixed when varying the value of , whereas the other design keeps the variance of the
reduced form errors, Q2 = Var ((vyl- UZ')/), fixed, where the reduced form for y; is given by
yi = zimPB + u; + Pv; = 2w, + vy The simulations in Kleibergen (2002), Moreira (2003,
2009), and Stock, Wright, and Yogo (2002), amongst others, are based on the fixed X
design, whereas Andrews, Moreira, and Stock (2006, 2007), Mills, Moreira, and Vilela
(2014) and Moreira and Moreira (2019) are examples of simulations based on the fixed Q2
design.

Poskitt and Skeels (2008) discuss these two designs and show that simulation results
can differ substantially between them, but do not provide an explanation for these dif-
ferences. Davidson and MacKinnon (2008) highlight that a design with € fixed changes
>} when changing the value of § and conclude that € is “not a sensible quantity to keep
fixed” (Davidson and MacKinnon 2008, p 455). Andrews, Marmer, and Yu (2019) make
the same observation and propose a design where the value of 3 is fixed, but the value
of By in Hy: B = By is varied instead. Their motivation for this design is its direct link to
the formation of confidence intervals based on inverting test statistics. The main focus
of the analysis in Andrews et al. (2019) is on the probability of obtaining infinite length
confidence intervals, and on the difference of the C'LR power curve from the two-sided
power envelope for extreme values of ;. However, this design where [ is kept fixed

but fy is varied is essentially the same as the fixed ¥ design, with the test statistics for



Ho: B = By when 8 = (* in the fixed ¥ design then identical to the test statistics for
Ho: 8 = —p* when 8 = —f in the Andrews et al. (2019) design when varying the value
for 5*. Therefore, the power functions of the design with 3 fixed and varying 3, are the
mirror images around 0 of those of the fixed ¥ design.

In this paper, we make the following contributions. We directly compare and explain
the behaviour of the power curves of the C'LR test in the two designs. We are better
able to explain the behaviour of the C'LR test in the fixed X design by first showing, in
Proposition 1 in Section 2, that the LR statistic is the same as the to(3,)2 = Wo(5L)
statistic proposed by Mills et al. (2014), where EL is the LIML estimator of 5. The only
difference between WO(EL) and the standard LIML-based Wald test is the estimator for

02 in the denominator of the test. For WO(BL) this variance is estimated under the null

and denoted 2. Under weak instruments, the power of the C'LR test is then boosted by
low values of 8(2] and can reach one even with very weak instruments when p,, = 0u,/0,0,
approaches 1 or —1, and for certain values of 3, such that 2 — 0. We can thus explain
the asymmetry of the power of the CLR test under weak instruments, as documented
before by e.g. Stock et al. (2002) and Davidson and MacKinnon (2008).

The fixed ¥ design keeps the structural endogeneity features constant, in particular the
degree of endogeneity p,,. As mentioned above, this is not the case for the fixed €2 design,
where o2 is kept fixed, but both ¢2 (3) and o, (3) are changing with the true value of 3
in the DGP in a very specific way, as shown in Figure 1 in Section 3. In particular, the
correlation p,, () approaches 1 for large negative values of 3, and approaches —1 for large
positive values of 3. We therefore compare the fixed 2 power curve with various fixed
¥ (%) power curves for different values of 8*, and where 02 = 02 (8*) and 0., = 0w, (8%),
matching the values to those of the fixed €2 design at 5*. We find that, in weak instruments
setups, the power curve for the fixed 2 design crosses the various paths of the fixed ¥ (5*)
designs at points close to maximum power, as displayed in Figure 3 in Section 3. The
fixed {2 design therefore exploits the asymmetry of the power curve of the CLR test in
the fixed ¥ design. This explains why, for a large part of the parameter space for 3, the
fixed €2 design shows much higher power of the C LR test than the fixed Y design under
weak instruments.

As a final contribution, we compare the behaviours of the LIML- and Fuller-based C'W
tests and the Fuller-C'Wj test to that of the C'LR test in the fixed ¥ design for different



degrees of endogeneity p,,. As far as we are aware these tests have only been compared
in the fixed € design, see Andrews et al. (2007) and Mills et al. (2014). We find that for
low to moderate degrees of endogeneity, these conditional tests are more powerful than
the C'LR test. Even for medium to high values of p,, the Fuller-C'Wj test is well behaved,
with higher power than the C'LR test for part of the parameter space.

As a final remark, it is sometimes argued to keep () fixed as it is known, i.e. can
be estimated consistently, unlike > under weak instruments, see e.g. the discussion in
Andrews et al. (2019). In all our simulations we follow the asymptotic design of Andrews
et al. (2006) with 2 known, also for the fixed 3 design, where () is known but changes
with the value of 8. Given the link of the fixed > power curve with the behaviour of the

test-statistics-based confidence intervals, it seems more natural to consider this design.

2 Model and Tests

The linear IV model specification for a sample {y;, z;, 2/}, is given by

yi = T+ (1)

/
T, = Zm+ v,

where z; is the k, vector of instrumental variables. The instruments satisfy F (z;u;) = 0.
Standard assumptions on the data, see e.g. Assumption M in Stock and Yogo (2005),
needed for limiting normal distributions and consistent estimation of variance matrices
are assumed to hold. The explanatory variable z; is endogenous as F (z;u;) = E (u;v;) # 0.
Other exogenous explanatory variables, including the constant, have been partialled out.

The errors are assumed to be conditionally homoskedastic, with

2
/ Uu qu _
Var ((ul v;) ]zl) = [ , | =5, (2)
Ow O,
and correlation py, = 0uy/040,.
The reduced form for y; is given by
yi = 2B+ u+vf (3)

!
= Z;Ty + Uy,



. ! . .
and the reduced form error variance of (v,; v;)" is given by

02 + 200y, + (%02 0y + PO

2 2
Ouw + Bo; (o

Q(8) =

Letb= (1 —B),anda = (8 1), then it follows that ¥'Q (8) b = 02 = |Q ()| &’ (Q(B)) " a,
and |Q(ﬁ) = 0_ gy (1 - puv)
Let y and = be the n-vectors (y;) and (x;) and Z the n x k, matrix of instruments.

The standard 2SLS estimator for § is given by

/PZZJ
’PZa:

ﬁ25ls -

where P, = Z (Z'Z)" Z'. The 2SLS estimator is based on the OLS estimator for 7, given
by 7 = (Z2'Z)"" Z'x. Let T = Z7, then Basis = Ty (@x) =7y (2'7).

Dropping notationally the dependence of {2 on 3 for ease of exposition, an estimator

W11 Wi2
0=
W12 W22

is QO = W'MzW/n, where W = |y z| and My = I, — Pz. The LIML estimator for /5 is

for

then given by
' Pyy — nklyy

BL=

' Pyx — nKkiyy
where % is the minimum eigenvalue,
7 = mineval ((n™'W/P,W) Q7).

Let af, = (EL 1)’. The definition of the LIML estimator for 7 as used in Moreira (2003)
is given by
. - -1
7= (22)" ZWQ a, <a'LQ’1aL> . (5)

Alternative expressions for 7, are,

7= (Z'My, Z)"" Z' My, x (6)
(2/2)™ 2, (Grz = Brlons)
Gy



where Gy, = y — 8, and 62 = W, M4uy,/n = ¥, Qby,, with by, = (1 — ;). Expression (6)
is the standard expression as given in e.g. Bowden and Turkington (1984, p 108), from
which (7) can be derived, see also Hausman (1983, p 424).

Let Z, = Z7;, then B = oy (@ x) = Zhy/ (T)pxL), see Windmeijer (2018) for
the latter equality. It follows that the score for the LIML estimator of £ is given by
z (y — xBL) =0.

Consider testing the null Hy: 6 = [y against the two-sided alternative Hy: 8 # [o.
The distributional properties of the AR, LM, and LR tests as described below are exact
under fixed instruments, known €2 and normally distributed errors. Instrument strength
is then determined by A = 7/Z'Zm/o?. The limiting distributions of the tests are the
same when relaxing these assumptions and using Q as an estimator for ), see Moreira
(2003) and Kleibergen (2002). Weak instrument asymptotics then imply 7 = m, =
¢/+/n, where ¢ is a vector of constants, with instrument strength then determined by
A =vplim (7,72 Z7,/c?) = {Q..c/c?, where Q,, = plim (Z'Z/n).

Let ug = y — 2y. The Anderson-Rubin test statistic is given by

where 62 = b)Qby = u\Myug/n, with by = (1 — fy)’. AR has a limiting Xz, distribu-
tion under the null, independent of the strength of the instruments. AR is a test for
overidentifying restrictions in model (1), imposing the null.

Let 779 be the LIML estimator of = under the null, given by

%LO = (Z/Z)_l Z/Wfiilao/ (a{)ﬁ*lao) s

with a9 = (6o 1)’. Then the score of the LIML estimator, evaluated under the null is

given by 7, (v — 26y) = T yuo, where Tpg = Z7ro, and the LM test statistic is given by

LM

o (TeTro) | Tyt (8)
= — ,

99
Under the null, LM has a limiting x? distribution, again independent of the strength of
the instruments.

An interesting link between AR and the estimators 7.y and 7 is that the AR statistic



is equal to the Hausman test statistic,
H = (7 — 7)) (Var (7) — Var (7))~ (F — 7o) = AR. 9)

This follows as 7o can alternatively be expressed as

~ A (Z2'Z)™" Z'ug (12 — Bonn)
7TL0 =T — 82 9
0

following (7), linking the definitions of Moreira (2003) and Kleibergen (2002). Further,
. -1
Var (t) — Var (7o) = (@22 — (agﬁ_lao) ) (Z'2)7",

. ~ ~ -1
and ayQ~tag =05/ ‘Q’ It follows that Wy — <a69’1a0> = (D12 — Polaz)? /32 and hence
result (9) follows.

The Likelihood Ratio test we consider here is the test denoted LR; in Moreira (2003),

which is a criterion difference test. This LR statistic is given by

u{)PZuo G’LPZﬁL

LR = === - =5 (10)
0 L
— AR-B(B.).

where B (5,;) is the Basmann (1960) test for overidentifying restrictions in model (1),
with B (B\L> = nk. Under standard strong instrument asymptotics, LR has a limiting
X3 distribution. However, under weak instruments, its distribution is not invariant with
respect to the value of m, = ¢/y/n, unlike AR and LM. As Moreira (2003) showed, the
asymptotic conditional distribution of LR under the null, conditional on the value of the
Tro-based Wald test statistic for testing Ho: m = 0,

o a QW PW Qg

To = /71\'/110 (Vﬁr (%LO)) TLo —

- : 11
aptag (1)

is given by

f(LR|m0) =

N| —

<§1 + &1 —To + \/(51 + &1+ 7’0)2 - 4§kz—170) ;



where & and &,_; are independent x? and Xl%:z—l distributed random variables. Conditional
critical values for the LR test can then be simulated, or the conditional p-values calculated
by numerical integration, Moreira (2003), Andrews et al. (2007), and Mikusheva and Poi
(2006), resulting in correct size for this conditional LR (C'LR) test, also when instruments
are weak or uninformative.

Conditional tests with correct size under the null in weakly identified models can also
be obtained for standard Wald tests, for example based on 2SLS, LIML, Fuller and bias-
corrected 2SLS estimators, see Andrews, Moreira, and Stock (2007) and Mills, Moreira,
and Vilela (2014). Mills et al. (2014) provide the details for obtaining the distributions
of these tests conditional on 7y, and they also considered one-sided conditional t-tests. A

LIML-based test considered by Mills et al. (2014) is given by

~ 2 R
Wo <BL> = tO(B\L)Q = <BL _ 50) <:ifzx _ n”fw22>‘ (12)
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The difference with the standard LIML-based Wald test is the use of the restricted esti-
mator 72 instead of the unrestricted 2. We show that the W (B\ L) statistic is identical

to the LR statistic, as stated in the following proposition.

Proposition 1. Let LR be as defined in (10) and WO(B\L) be as defined in (12). Then
Wi (@) _ LR,
Proof. See Appendix A. n

It follows from Proposition 1 and the results in Mills et al. (2014) that the conditional
Wo(BL) (CWo(BL)) and C'LR tests are also equivalent. For the just-identified case, k. = 1,
it follows that W) (31\/) — LR = AR = LM, where By = (#'z)"" 2'y. The equivalence
of Wy <B\1v) and AR was derived by Feir, Lemieux, and Marmer (2016), see also Lee,
McCrary, Moreira, and Porter (2020).

We explain features of the fixed 3 design power curve for the C'LR test on the basis
of the representation of the LR statistic as WO(BL) in the next section. Before we do so,
we discuss an alternative version of the LR test statistic, which has the same conditional

properties, but which does not seem to have been used in applied work.



2.1 Sargan Version of the C'LR Test

The LIML-based Sargan (1958) test for overidentifying restrictions is given by

N @ P
S(B) = 5= In’
LurL/mn

and the Stock and Wright (2000) S statistic is

ugPrug

S (Bo) =

upug/n’

Then an alternative LR test statistic is given by the criterion difference
LRs =S () = 5 (B)

This statistic is obtained by replacing Q above by iW = W'W/n. A conditional CLRg
statistic can be defined in a similar manner by conditioning on the 7, s, ~based Wald

test for Hy: # = 0. The CLRg test has the same asymptotic properties as the CLR test.

3 Power Curves

As Andrews et al. (2019, p 466) observe, if € is held fixed then ¥ varies with 8 in the

following way

w11 — 2wz + BPwae  wia — Pwar
¥ (B) = : (13)
w2 — Pwar W22
It is common for simulations based on the fixed € design to set w;; = wyy = 1 and

w12 = pg, from which it follows that

on(B) = 1-=28pa+ 5 (14)

For testing Hy: § = 0, it follows that under the null, 3 (0) = Q, and so pq is then an
indicator of the degree of endogeneity in the null model only.

Figure 1 displays the values of pu, (8) = 04 (8) /o, (8) and o2 (B) as a function of
B for values of pg = 0, 0.5 and 0.95. The latter two values have often been used in

simulations. As is clear from the formulae (14) and (15), and highlighted by Figure 1, for
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Figure 1: Values of p,, and o2 as a function of 8 when holding Q = [ } constant.

every value of § the endogeneity and variance properties of the structural model change.
The correlations p,, are positive for § < pq and negative for 8 > pq, approaching 1 and
—1 quite rapidly, especially for pg = 0.95.

The representation of the LR statistic as W, <5L> enables us to better understand
the weak instrument power properties of the LR and C'LR tests in the fixed ¥ design,
and to link them to those of the fixed Q design via the representation in (13). Holding ¥
fixed while varying the value of 3 does affect the location of the LIML estimator 3 1, but
not its variance. From the weak instrument asymptotic results of Stock and Yogo (2005),
we find that the LIML estimator is median unbiased but is skewed to the left if p,, > 0
and skewed to the right when p,, < 0. From this it follows that the power function of an
infeasible LIML-based Wald test for Hy: 3 = (3 that uses the true unknown o2 instead of
the variance estimator 0% is asymmetric when p,, # 0. For § > 0, if p,, > 0 then the
power of this unfeasible test is higher for § = 5y — ¢ than for 8 = 5y + ¢ and vice versa
when p,,, <0.

For the fixed ¥ design, treating 2 (3) known, we have for o3 (3) in the denominator
of Wy (@\L) in (12), that

0(2) (5) = bloQ (5) by = 05 -2 (50 - 5) Ouy + (50 - 5)2 012,-

It follows that og () is minimised at 8 = B, = fo — 2% = By — puy 2%, with o7 (B,) =

o3
o2 — ‘f%” = 02 (1 —p?,). Therefore, if p,, > 0, it follows that o7 (3) is minimised for a



value of 8 < 3y, and vice versa. Together with the skewness of the LIML estimator, it is
then clear that the asymptotic power function of the LR test for Hy: 5 = fy is asymmetric
when p,, # 0. For 6 > 0, the power is higher when g = 5y — ¢ than when § = [y + 0 if
Pur > 0, and vice versa if p,, < 0.

It follows that o2 (8,) — 0 for |pw| — 1. As Davidson and MacKinnon (2015, pp
831-832) show, for A > 0, nk A Xt.—1 when |p,,| = 1. Further, the distribution of 2’ P,z
and the value of wyy = 02 are not affected by p,,. It therefore follows that LR — oo
when 8 = (3, and |py,| — 1, resulting in the power of the LR test then going to 1. When
puww — 1, the point where the power of the LR test goes to 1 lies to the left of 5y at
By = [y — 2. This is the situation we depict in the right panel of Figure 2 below.

For the CLR test, the critical values depend on the value of 7y, which changes with
different values of . They range from the critical values of the x# distribution as 7o (3) —
oo to the critical values of the x7_ distribution as 7o (8) — 0 (Moreira, 2003). It therefore
follows that the power of the C'LR test also approaches 1 when 3 = §, and |py.,| — 1.

The non-centrality parameter of the limiting non-central chi-squared distribution of

70(5) is given by

(' (Q(8)) " ao) A (@ 0w (b= B)"

NCry(8) = T =

ay((B) " a  on(l—pi) g (B)

2

For A > 0, it follows that nc,, (8..) = 0 for B = fo — 2= = [y — pﬁ"—“ Further, for

Ouv Ov

B # {Bo, Pnc} it follows that nc. s — oo for |puw| — 1, whereas nc, (6,) = A. The

maximum of nc(g) is obtained at 8 = [y, with ncy ) = ﬁ. As the critical values of
the C'LR test are a decreasing function of 7y () and hence of ncry(8), and because ncyg)
is asymmetric around [y, it is not a priori clear whether the weak instruments asymmetry
of the power function of the LR test is carried over to that of the CLR test, but in the
simulations in the literature this has been found to be the case, as confirmed below.
Whilst the standard 2SLS-based Wald tests have their largest weak instrument size
distortions at |pu,| = 1, see Stock and Yogo (2005), this is not the case for the LR
test. In fact, for A > 0, the LR test has no size distortion when |p,,| — 1, as then
NCry(By) = ﬁ — 00, see also Andrews et al. (2019). The non-centrality parameter
NCry(8,) 1S minimised at p,, = 0, and hence the weak instrument size distortion of the LR

test is maximum at p,, = 0, see Figure B.1 in Appendix B for an illustration.

10
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Figure 2: Asymptotic power of LR and C'LR tests holding ¥ :{
A=1k, =5.

} constant,

Figure 2 shows the asymptotic power curves, calculated as in Andrews et al. (2006),
for the fixed ¥ design with 02 = ¢ = 1 and for the values of p,, = 0.5 and p,, = 0.99.
This is for a very weak instrument setting of A = 1 and for k£, = 5. Throughout, the
significance level is 5%. The results confirm the asymmetry of the LR test as derived
above, which is maintained by the CLR test. Especially for the high endogeneity case of
Puv = 0.99 the asymmetry is severe, as expected. When p,,, = 0.5, the C'LR test corrects
the quite large size distortion of the LR test, but it has low power everywhere, due to
the weakness of the instruments. When p,, = 0.99, the differences between the LR and
C LR tests are small as expected, but even in this very weak instrument setting, the power
of the CLR test is equal to 1 when g = 8, = —0.99, confirming the derivations above.
These power curves of the C'LR test are very similar to the ones presented by Stock et al.
(2002) and Davidson and MacKinnon (2008).

The asymmetry of the power curve for the fixed > design, together with the relation-
ship between ¥ () and 2 in the fixed €2 design as depicted in Figure 1, explains the
behaviour of the power curve for the fixed (2 design. In Figure 3, we overlay the power
curve for the fixed Q design, with wi; = wey = 1 and wyy = pg, to those of fixed X (5*)
designs for different values of 3*, such that o2 (8*) = 1 —28%pq + 5*2, 0wy (8%) = pa — 7,
and o2 = 1, satisfying (13) at 8 = 3*, but then holding these constant whilst varying the
value of § and testing Ho: 5 = [y. Hence, for any given choice of 5*, the fixed 2 and
fixed X (8*) power curves coincide at 5 = *. At other values of 5 the difference is that

11



the fixed 3 (3*) design holds X constant at X (3*), while in the fixed  design p,, and o>
vary with 8 as shown in Figure 1.

Differences in the behaviour of o2 in the fixed 2 and fixed ¥ (8*) designs are an im-
portant, and tractable, element in understanding why the two designs yield very different
power curves. In the fixed 2 design o2 is not a function of 8, and with 3y = 0 we have
here that o = b)Qby = 1. In contrast, in the fixed ¥ (3*) design, o2 (8) does vary with
B. More specifically, in the fixed ¥ (8*) design, for a given choice of §*, we have that
o2 (B) = 02 (8*) — 2(Bo — B) 0w (B*) + (Bo — B)* 02. Tt follows, for fy = 0, that in this
design o2 () is minimised at 8 = 3% = B8* — pq, where o2 (3) = 1 — p4. Hence, for
pa = 0, 02 in the fixed 2 design is always — regardless of the value of 3 — at the minimum
value of 1 attained by o2 (3) in the fixed ¥ (%) design. For pg = 0, the power curve of
the fixed € design then crosses those of the fixed ¥(/5*) designs very close to the points
of maximum power of the fixed ¥(8*) designs, as shown in the left panel of Figure C.1 in
Appendix C.

When pg # 0, the © design is not on the minimum o2 (3;) path of the fixed ¥ (5*)
designs, but it is not far away from it. The left panel of Figure 3 shows the power curve
for the fixed Q) design with po = 0.5, again for A = 1 and k, = 5. Even in this very weak
instrument setting, power approaches 1 for large absolute values of 3, very unlike the
power curve for the fixed ¥ design with p,, = 0.5. In the right panel, this fixed €2 power
curve is overlayed by the fixed ¥ (5*) power curves, for values of f* = —4,—2,1,3,5. Tt
is clear that the fixed €2 power curve goes through the points close to the maxima of the
fixed 3 (8*) power curves, in this case especially for positive and large absolute values
of 5. A similar pattern is found for pg = 0.95 as shown in right panel of Figure C.1 in
Appendix C.

4 LIML- and Fuller-Based CW and CW, Tests

Moreira (2003) compared the behaviour of the conditional 2SLS-based Wald test to that
of the C'LR test in a fixed ¥ design. Andrews et al. (2007) compared the behaviours
of the 2SLS-, LIML- and Fuller(1)-based CW tests to that of the CLR test in the fixed
2 design. They find that the C'W-Fuller test performs best of the three conditional
Wald tests, but that its performance is, overall, “very poor relative to the CLR test”

12
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Figure 3: Asymptotic power of CLR test, A = 1, k, = 5. Left panel holding €2 constant,
pa = 0.5. Right panel holding ¥ (3*) fixed for various values of 3*, with o2 (8*) =

- Qﬁ*pﬂ + ﬁ*Q and Ouw (6*) = pa — B*a PO = 0.5.

(Andrews et al., 2007, p 131). Mills et al. (2014) compared the conditional t-test versions
for one-sided tests in the fixed €2 design and found the 2SLS and Fuller versions to have
good performance. They also analysed the performances of C'W) <BL> and CW, (Bpu”>
for two-sided tests, but again for the fixed € design only. As far as we are aware, the
performances of these conditional tests have not been evaluated under the fixed ¥ design,
which is what we do here. We compare the performances of the CW-LIML, C'W-Fuller,
CLR/CWy-LIML and CWy-Fuller tests, keeping X fixed for different values of 3, with
02 =02 =1 and for p,, = 0,0.25,0.50,0.75, testing Hy: 3 = 0. As above, k., = 5.

Figure 4 shows the power curves for an instrument strength of A\/k, = 2. Appendix
D further presents the power curves for A\/k, = 0.5, 1 and 4. We follow the practice in
the literature to report the rejection frequencies of the tests as a function of Sv/A. At
low levels of endogeneity, p,, = 0 and p,, = 0.25, the behaviour of the CW-LIML and
CW-Fuller tests are virtually identical and they are the most powerful across the range of
values of 3 VA when puww = 0. For p,, = 0.25 they are also most powerful, but for a small
bias of the tests for small negative values of 5v/A. The bias of the C'W tests increases with
increasing values of p,,. The C'Wj-Fuller test is less biased than the C'W tests. Its power
dominates that of the C'LR test at the lower endogeneity levels p,, = 0 and p,, = 0.25.
At the higher level of p,, = 0.5, the power of the CWj-Fuller test also dominates that of
the C'LR test except for some negative values of 3v/X close to 0, and where the difference
in power between the two tests is small. At the higher level of endogeneity, p,, = 0.75,
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Figure 4: Power curves for CW-LIML, CW-Fuller, CLR/CW,-LIML, and CW;-Fuller
tests for fixed ¥ design, k., = 5 and \/k, = 2, for different values of py,.

the C'W-tests and the C'Wy-test have more power than the C'LR test for positive values
of Bv/\, whereas the CLR test dominates at negative values of Sv/\.

Whilst the CLR test has been shown to have power close to the two-sided power
envelope for unbiased tests (Andrews et al., 2007), the results here show that the biased
CW and C'Wy-Fuller tests can have more power than the CLR test in low to moderate
endogeneity environments, in which case there is also only a small to moderate bias in
these tests. This seems an important observation, as this is a situation that may well be

encountered in practice.
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Appendix

A Proof of Proposition 1
It follows from (7) that
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Figure B.1: Size properties of LR test for different values of p,, and instrument strength
Ak, =5.
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Figure C.1: Asymptotic power of CLR test, A = 1, k, = 5. Fixed ) design, left panel
pa = 0, right panel po = 0.95 and fixed X (f*) designs for various values of 5*, with

03 (B7) =1-28"pa + 3% and oy, (B) = pa — B".
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D Power Curves of CLR, CW-Fuller
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